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1. — Quantum mechanics replaces the unique evolution of a classical phy- 
sical system, fixed deterministically by the initial conditions, with a family 
of evolutions, to which a complex measure is attached. This infinite multipli- 
city of descriptions, which adequately meets the unpredictability of microscopic 
phenomena, on the other hand comes up against the basic datum of everyday 
life, there is only one world. From whatever point of view they are looked upon, 
the characteristic feature of the data upon which science is based is that they 
are there, unavoidably unique; and we cannot say that we understand them 
until we are able to characterize them against all the other possibilities. 

The experimental physicist—and the cultivated layman—usually does not 
worry much about this. All that quantum mechanics can tell us, is often 
explained, is only a definite probability distribution for any physical quantity; 
the experiment itself will show which one of the infinite number of possible 
alternatives is «true ». He is told that this awkward situation arises from the 
inescapable and unpredictable perturbation produced by the measuring appa: 
ratus on a microscopic system, thereby tacitly or unknowingly implying that 
the present theory is only an overall and coarse description of what is going 
on and does not pay any attention to the actual, detailed mechanism of such 
a perturbation. As von NEUMANN and others often pointed out (*), such a view 


(*) This paper was partially written while the author was at the Institute for 
Advanced Study, Princeton, N. J. 


(1) J. von Neumann: Mathematical Foundations of Quantum Mechanics (Prin- 
ceton, N. J., 1955), especially Chap. VI. 
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is contrary to the spirit and the letter of quantum mechanics—a complete and 


| self-consistent theory. The fact that the physical observables do not have 


sharp values has nothing to do with the smallness of the action involved in 
the measurement, but is a necessary feature of any system, be it big or micro- 
scopic, be it isolated or not. The process of singling out a unique value—the 
observed value—of a physical quantity in a laboratory experiment—thereby 
re-establishing «the unique world »—has, according to the present theory, 
nothing to do with the instrument and transcends the domain of our knowledge. 
The measuring device is in fact itself a (big) quantum mechanical system, 
obeying the ordinary Schridinger equation and undergoing quantum disper- 
sion. If a particle in the form of a plane wave impinges on two counters, the 
state of the latter goes over into the superposition of two different states, in 
each of which one counter has responded, the other one has not. The square 
of the absolute value of the amplitude of each state gives the frequency of each 
alternative when the experiment is repeated cver and over again; but it is 
in principle impossible to predict which one will respond in a definite case. 
Quantum mechanical alternatives must still be present in any macroscopical 
process, as long as it is ruled by ordinary quantum laws. How are we to under- 
stand the fact that, just by looking at the apparatus, we are able to make the 
decision? It is easy for a layman to shake his head skeptically in the obvious 
answer: of course quantum mechanics is only a statistical theory, analogous 
to classical thermodynamics, and, in due time, will be replaced by a detailed 
description. The failure of many outstanding physicists who attempted to open 
a new path in this direction for thirty years and the widespread indifference 
among the scientists in regard to this problem show the naivety of such hope 
and suggest great caution. 


2. — For a better understanding of the quantum theory of measurements 
it is in order to recall the meaning of the work done by G. Lupwie (?). 

Consider a plane wave impinging on a screen with two holes. We know (*) 
that if a particle is detected right behind one of them, the interference pattern 
is destroyed and the two partial waves propagate incoherently. How are we 
to understand the destruction of phase interference which occurs in any phy- 
sical measurement? Does this effect imply a sharp value for the observable? 

In von Neumann’s notation (4) we are concerned with the passage from a 
statistical matrix U to the matrix 


(1) Gea PUP. 


(2) G. Lupwie: Zeit. f. Phys., 135, 483 (1953); 150, 346 (1958); 152, 98 (1958). 

(3) A. Apam, L. JANossy and P. VarGa: Acta Phys. Hungarica, 4, 301 (1955); 
. BRANNEN and H. I. S. FERGUSON: Nature, 178, 481 (1956); R. Q. Twiss and 
. G. Lirrie: Aust. J. Phys., 12, 77 (1959). 

(4) G. Liprers: Ann. Phys., 8, 322 (1956). 
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| where P, is the projection operator on the eigenmanifold V, of the quantity 
we have observed. The ordinary time evolution 


(2) U > exp |[— iHt] U exp [iHt] 


must be sufficient to generate such a transition, at least in the cases we rank 

4 good measurements ». Now an elementary calculation shows that the aver- 
age U of 

exp [— iHt] U exp [1H] 


over a very long time has exactly the form (1) when the observable is the 
energy of the system; and it can be proved that for a big quantum mechanical 
system, in general U does never deviate much from U, in the sense that the 
time average of (U—U)? is very small. 

Althoug the theory of measurements is not quite satisfactory yet, the way 
to make it so is clear. The property of a macroscopical system we are looking 
for is essentially an ergodic property: the probability distribution of a physical 
: quantity, as determined by the statistical matrix, does not fluctuate much 
around its time average, which is its equilibrium value. In other words, the 
wave function is the superposition of other states whose probability distri- 
butions evolve in time without any appreciable interference. From this point 
of view, Ludwig’s approach to the theory of measurements is very sound and 
does not add anything fundamentally new and unexpected to the theory. 

All this, however, can never remove dispersion; even if we know through 
which of the two holes the particle has passed, its position cannot be predicted 
although its probability distribution has changed. The essential result of any 
physical measurement is to destroy the interference between the different 
eigenstates of an observables; but, again, none of such states acquires any 
privileged standing, capable of distinguishing it as the one we actually observe. 


>. In mathematical terms, the transition 


(3) Date A UL: 


is essentially a probabilistic one and has nothing to do with the time evolution 
of the system. We must go back again to our main question: what is the 
meaning of the statement that the only possible description of a physical system 


is a probabilistic one? 


3. — Sometimes one tries to find some solace in the following consideration. 
Even in classical physics uncertainty reigns uncontested, since any information 
can be formulated solely in terms of probability; moreover, our knowledge 
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of any classical system is, in general, unstable (5) in the sense that the law 
of motion lets an initial uncertainty grow with time without any bound. The 
purpose and the net outcome of any experiment is just to lessen our ignorance, 
giving us a chance to start over again with more precise data. In the same 
way the so-called « quantum jumps» are just the most obvious consequence 
of the fact that what we know is always only probability. Both classical and 
quantum physics offer us a stochastic model of our knowledge, to wit: a law 
to carry a probability distribution forward in time. 

A closer scrutiny, however, shows an essential difference between the two 
types of theory. In classical mechanics a stochastic process is generated by 
a well-defined, deterministic law of motion, so that the state of the system is 
known with certainty at all times if it is known with certainty at one time. 
The probabilistic description, in other words, is only a formal way to follow 
up the time development of our ignorance. Among all the different mathe- 
matical models actually.compatible with our present knowledge there is always 
one, and only one, compatible also with any possible additional data. That 
model is called, by definition, the right one and is usually assumed to have 
something to do with «reality », although its construction is entirely opera- 
tional and does not imply any metaphysical meaning. Nothing like this occurs 
in quantum theory. Even if the wave function is known now with certainty, 
this will never insure a deterministic development; no experiment is accurate 
enough for this. The quantum physicist has given up any hope of constructing 
even in principle, a unique model of his experience; nay, he avers that it is 
meaningless to look for one. An irrational barrier stands, he says, between 
our curiosity and the motivation of certain simple alternatives occurring every 
day in a physical laboratory, so that we have to be content with what one 
could call a «taxonomic » view of nature, according to which all we can do 
is to classify and to number the various observations. 

The comparison with biology, where already the empirical classification of 
the species is only the first step to a deeper understanding in terms of the 
theory of evolution, shows how great is our ignorance, although it is shrewdly 
ma ked by the excellent performance of the quantum statistical laws. One 
cannot help trying to look at the situation in a humbler way: not being able to 
explain a class of phenomena, we dress our incapacity with some complicated 
label and put it at the door of a deep « oddity » of nature. The striking aspect 
of this attitude is that from the assumed permanence and finality of a scien- 
tific theory a relevant conclusion is drawn concerning our knowledge and its 


(5) See, e.g., M. Born: Kgl. Dan. Vidensk, Selsk. Mat.-Fys. Medd., 30 no. 2; 
(1955), M. Born and D. J. Hooton: Kgl. Dan. Vidensk, Selsk. Mat.-Fys. Medd., 52, 
287 (1956). 
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functioning—a problem which has very little to do with physics. This is 
enough, it seems, to make one suspicious. 


4, — Aside from its queer claim on the theory of knowledge, it may be 
interesting to consider the quantum mechanical model in itself from the point 
of view of scientific methodology. 

Take first the fundamental principle of the correspondence between physical 
observables and hermitian operators. It may be useful to recall, first of all, 
that the usual semipictorial description of the quantum phenomena in terms 
of momentum, position, their uncertainties, and other classical concepts, has 
no deep significance and should not be allowed to-confuse the main issue. 
We know (*) that the measurement of microscopic quantity entails in fact a 
complicated chain of statistically irreversible interactions from which, at any 
stage, a probability distribution for any hermitian operator can be obtained. 
The definite and unique outcome of the experiment is described by saying 
that the chain is broken off at a more or less arbitrary point; the probability 
distribution corresponding to the physical quantity which we observe is then 
replaced by a 6-function if the measurement had an infinite precision, or a 
suitable distribution otherwise. 

But what is a «physical quantity»? How can one construct in principle 
the operator corresponding to a given « observable »? True, usually the macro- 
seopic dichotomy of a laboratory experiment is so clear-cut (the counter has 
discharged or not) that in practice the Hilbert space of the state function is 
naturally split into the sum of a few orthogonal subspaces, corresponding to 
the different outcomes. This, however, in no way solves the problem because 
a) it may be not enough in some particular situations, and 6) it leaves the 
main question of principle without a satisfactory answer. Since every material 
interaction, from the particle down to the brain cells, is supposedly governed 
by the ordinary Hamiltonian time evolution, the problem entails the deter- 
mination of a hermitian operator corresponding to every perception. The 
awkwardness itself of the question suggests, indeed, that we are on a wrong 
track by relying on mathematically beautiful, but physically unsatisfactory, 
models, and that we should not go far without a safe operational basis (°). 
Unfortunately, few physicists push quantum mechanics to these extremes in 
practice; they rely upon good old classical theories to describe macroscopical 
phenomena. If momentum or creation, etc., operators are used, it is done 
only in conjunction with a well-defined experimental apparatus whose working 
‘ is understood in classical terms. 


(6) See on this point also E. SCHRODINGER: Nuovo Cimento, 1, 5 (1955); Nature, 
173, 442 (1954). 
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5. — The other point we wish to make concerns the deep uneasiness of the 
man of the street when he is told that he must be content with recipes giving 
the probability of one occurrence or another: « But if I see something, it is 
there, unique and certain, and I want to understand it. I will never be satis- 
fied with probability and a chronological record of what is happening. » 

It may be easy, but it is, in fact, insufficient to answer with the usual posi- 
tivistic argument: of course we are not concerned with the « real » world, which 
has no meaning whatsoever; all we really want is an agreement between the 
theoretical predictions and the experimental observation. The man of the 
street will not be content with such an answer, which shows a deep gap between 
physics and human life. As it has been often pointed out by E. ScHRODIN- 
GER (‘), quantum mechanics with its peremptory attitude has climbed into 
an ivory tower of mathematical abstraction, jeopardizing its role in the human 
culture. 

As far as the scientist is concerned, the « uniqueness of the world » has a 
precise operational meaning which has nothing to share with metaphysics. 
The outcome of an experiment is accepted and defined unambiguously simply 
when it is supported by the majority of the observers. By this, of course, one 
does not mean that anything about which only few people agree is wrong; 
we only exclude it, for the time being at least, from our data. Think, for 
instance, of such « unofficial» sciences as telepathy. A little reflection will 
show that this criterion of « reality », superficial as it may seem, is really at 
the back of the mind of every physicist. 

Vice versa, one would expect any scientific theory to account for the 
agreement between the observers on the facts it is concerned with, lest it leaves 
unexplained the main distinguishing feature of its object. A particle has a 
chance 4 to be detected by a counter A, and a chance 4 to be detected by a 
counter B. Why does (to wit, what is the theoretical explanation for the fact 
that) everybody in the laboratory agree that just the counter A, say, has 
responded? Does not this agreement suggest that until one has provided for 
a model of a unique and non-probabilistic link between the particle and each 
percipient we miss the core of the matter? Quantum mechanics deals, one 
could say (§), with a «Gibbs ensemble of independent observers», since it 
provides us only with the probability of a given experimental result; but in 
this case the word « observer » must be carefully explained. The quantum 
mechanical probability distributions refer really to different experiments, not 
to different observers; in other words, an « observer » is meant to be «the set 
of physicists who watch a given instrument at the same time ». In a proba- 
bilistic doctrine like quantum theory no provision is made to explain for the 


SE (?) E. ScHRODINGER: Brit. J. Phil. Sc., 3, 109, 233 (1952). 
. (8) On this order of ideas see H. EverETT, III: Rev. Mod. Phys., 29, 454 (1957). 


+ 
Ò 
= 


QUANTUM MECHANICS AND THE UNIQUENESS OF THE WORLD ih 


obvious fact that they agree. Again, one cannot help feeling some uneasiness 
if confronted with the task of giving a final and operational foundation to 
quantum mechanics: the definition «the set of physicists, etc.» is obviously 
too vague for this purpose (°. 


6. — No proof—either experimental or internal—that quantum mechanics 
is wrong is known to exist. The problem to be faced with a man-made theory, 
however, is not to disprove it or not, but whether to accept it or not; that 
is to say, to judge it in the broader framework of human understanding, and 
not only check analytically its experimental prediction. We have endeavored 
to show, along the line of thinking of many other physicists, that one may 
have some misgivings about its adequacy and logical clarity. The fact that 
time seems not yet ripe to produce a better substitute should not be a good 
enough reason to assert its finality. Our knowledge (both experimental and 
theoretical) of a non-equilibrium process (like those which always occur in any 
measurement) is too scanty to suggest a better solution to the main problem 
at stake, that is, the theory of measure, and, more in general, the relationship 
between the macroscopic world and the elementary particles. But it is cer- 
tainly important to keep in mind the « probabilistic uneasiness » and the question 
it raises. 

* KE 
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(9) Note added in proof: Prof. ScHRODINGER aptly pointed out to me that the 
agreement between the different pictures of the world present in the minds of different 
individuals is far from being clear in its full implications, nay it constitutes the « greatest 
and absolutely unexplicable marvel ». 
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Introduction. 


Considerable progress had been made in recent years in the quantum- 
mechanical treatment of properties of systems consisting of a large number 
of interacting particles. With respect to those properties of the systems for 
which the interaction may be treated as a small perturbation, the formal devel- 
opment of the theory may be said to be complete. However, the theory is 
by no means complete in the analytic description of properties which cannot 
be treated by assuming a weak perturbative interaction. Insight into the 
application of mathematical techniques to such phenomena can frequently 
be gained by studying physical effects, such as sound propagation, many of 
whose properties are already described by classical methods. By undertaking 
such a study, one will also gain information relative to the applicability of 
the classical arguments based, for example, upon the Boltzmann. equation. 

In the present work we consider the problem of sound propagation. In 
the first section we summarize the relevant features of a field theoretic many- 
particle formalism applicable to the sound problem. The specific formal rela- 
tions which apply in the treatment of transport properties and of sound propa- 


(*) National Science Foundation Postdoctoral Fellow. Present address; Institute 
for Theoretical Physics, University of Copenhagen, Denmark. 
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gation in particular are presented in the next section. In the third section 
we discuss exact and approximate integral equations for the density corre- 
lation function or sound propagator. In developing approximate equations 
we take into account the important time-invariance properties which result 
from the fact that many relevant macroscopic operators commute with the 
Hamiltonian. In the fourth section we discuss simple forms of the general 
class of approximate equations previously developed. We indicate that the 
mechanism for sound propagation can vary from system to system. We 
further observe that in « perfect » gases sound propagation is related to single- 
particle damping, a second-order effect. Having obtained by the general 
approximation technique a second-order Boltzmann-like equation, we solve 
that equation for the perfect-gas case in a manner which indicates the impor- 
tance of the time-invariance properties previously discussed. The approxi- 
mations used in obtaining the solution have immediate application to more 
general problems such as equilibrium restoration. 


1. — General Formalism. 


The formalism to be employed in this paper is an extension of the field 
theoretic formulation recently presented by P. C. MARTIN and J. SCHWINGER (1). 
In addition to developing the necessary extension we very briefly review aspects 
of that formalism in order to establish a consistent notation. 

Assuming that the operators {H;Q,,i=1,...,m} are not explicitly time 
dependent and that they form a set of commuting observables, we introduce 
. the fundamental trace 


m 


(1.1) Tr («;; 6) = exp [— W(a,, B)] = Tr (exp [— BH =D a: :]) 


which is analogous to the partition function of statistical mechanics. The 
function (1.1) is related by Laplace-Stieltjes transform to the density of states 
characterized by the set of eigenvalues {E; q;, i=1,..., m} of {H; Q;, i=1,..., m}. 
Similar relations hold for the other functions to be introduced shortly. Although 
the results may be immediately generalized to a more general set {Q,;}, we 
shall confine ourselves in this work to a conservative Hamiltonian H which 
commutes with the total numer N of particles and shall assume that the 
two operators H, N make up the commuting group of (1.1). The resulting 
trace converges in the half-planes 


(1.2a) Ref>Q0, Re«> Rea, 


(1) P. C. Martin and J. Scuwincer: Phys. Rev., 115, 1342 (1959). 
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and P, is the projection operator appropriate to N-particle states. 
Following MARTIN and SCHWINGER, we introduce the Green’s functions 


(1.3) G,(1 ... n; 1... 0) = (— dp Pn Yor oe PÎ)4E) 


describing the behavior of the fields y, yt in the presence of the background 
implicit in the «expectation value» <...). The time-ordering operation, indi- 
cated in (1.3) by (...),, orders the field operators y, y+ from right to lett 
in the increasing order of their time co-ordinates. The factor £ is identically 
+1 for B-E fields, while for F-D fields it is that antisymmetric function of 
the time coordinates which equals +1 when the fields occur in the order 
exhibited in (1.3). The differential (or more generally the integro-differential) 
equation satisfied by G, is governed by the equations of motion of the fields 
y, y* and indirectly by the expectation value <...). The fields y, y* satisfy 
the equal-time commutation (anticommutation) relations 


[v(rt), p (r't)]. = [pt(rt), vtr]: = 0, 


[p(rt), yt(r't) |= = he), | 


(1.4) 


in which internal co-ordinates are implicit. If the internal co-ordinates are 
used to represent several types of B-H particles and several types of F-D 
particles, the fields associated with one type of statistics commute with those 
associated with the other type at the same time. Since the results are easily 
generalized, we shall restrict ourselves in this work to a single type of par- 
ticle, indicating within an equation the possibly different B-H/F-D results 
by the upper and lower of the two expressions. 

Appropriate to the (H, N) trace (1.1), we define the expectation value 
of (1.3) such that 


eee A 


we aca 


(1.5) (X> = exp [W(aB)]-Tr (exp [— aN — BH]X). 


The importance of the choice (1.5) rests in the periodicity condition appro- | 
priate to G, in the limiting case Re f = 0+, Inf = 7'> 0 arbitrary. Namely, 
for any pair of time coordinates t,, L such that 


I Ul 


(1.64) be ty wees tay bey hy tags beady eae 
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one may readily verify by using the cyclic property of the trace (1.5) that 


REIT. 
= 


SEA SEE sey Pry cede Gales 


where for simplicity we have indicated only the time co-ordinates. 
In many applications we are led to consider functions of a single time 
difference 


(1.7) g(t, — ta; & &) = (— 1) ((Xa(& E) Xa(t E.)) 4) 


formed from some (-+î)"-!G, in which the various time co-ordinates have 
been set equal to #, or tz (+ 0+). In (1.7) the e is +1 for t,>t, and +1 
for t1<t, depending upon whether the operators X; contain an even or an . 
odd number of F-D fields y, yt. Using the periodicity property (1.6), we 
may easily demonstrate that the Fourier transform of (1.7) may be written 
in the form 


exp [am + Bo] 
exp [am + Po]—(£1) 
Stee ae : 
exp [am + Bo] —(+1) 


(1.8) g(a; a) = g(w + te; Cabal — 


(0 — de; Eé2)y € > OF, 


where (+ 1) =«(t,<t.); g(m + îe), is the Fourier transform of the retarded 
commutator (anticommutator) 


g(t, — te; €1€2)o = (—12) “Ba Es); Xo(te §s )]zp 0 A(t, — te) 


ee = 1 for 7 >0 


in ae @ for + <0% 


and m is the integer determined such that \ 
(1.10) mX,=[X,, N] or MAIN Xs |. 


. Since H is Hermitian, the Fourier transform of the retarded function (1.9) 
may be written in the form 


do di 15» 
(1.11) g(@ + te; É.É2), = = Pat, 


_ o 
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Moreover, from (1.8) and (1.11) we have the discontinuities 


ssa (Og D | 
ea D, o) = Gui aon ar n Ri 
( ) (£1É) È t,-4,=0+ dt? RETTA 
+ 0 
daw 
= | Seon Alws Be) 3 n= 012008 


—_ 


In the event of g(12) or g(12), representing a system response function, the 
associated dispersion relations follow immediately from (1.11). The expres- 
sions (1.12) represent «sum rules». By expanding (@ + ie — ©)! as a (semi 
convergent) power series in 0/0, we may easily relate the latter to the system 
high-frequency response. 

The functions A,(w; &&) may display special symmetry properties. For 
example, if X¥,— X; for (t,é) = (4), then (exp [am + Bw] F1) 4,(o; & &) 
for ©, x, B real is a non-negative Hermitian matrix with respect to the in- 
dices (é,é,). If Dy(é é) 40, it is sometimes convenient, in the representation 
for which A,(w; é,&) is diagonal in the eigenvalues &, to represent the fune- 
tion (1.11) for © real in the form 


Dy (&1) 
—e(w&,) + ife +3I(0é,)]" 


(1.13) g(@ + te; E,É2)o = 5(€&3) 5 


where the functions D,(&), e(w&,), T(0É,) are real (2). The real-w form (1.13) 
is sufficient with (1.11) to determine completely the functions A(w; §,&); 
moreover, the latter determines g(w), for all w. As a second example we 
consider operators X,'such that X} = X,, î=1,2. In that case for a, b, @ 
real 


(1.14a) (exp [— am + Bo] F 1) A(0; &&) = 

= — A*(— a; E È): (exp [am + Ba] FI) 
of, 10r m=0, 
(1.140) A(o; È, È.) a — A*(— OW, È, £2) . 
If D,(É, €) #0, then we may again introduce a representation of the type 
(1.13) for w real. In this case, however, D,(é,) is pure imaginary; the func- 


tions e(wé), I'(wé) are real; e(0; É) = — e(— 0; €); and T(— 0; É) = Ia; €). 
In the event of the conditions X,= X;, Xj = X,, m=0 holding simultaneously, 


(@) For the special case g(12)=G,(12) explicit approximate forms of e(@), I(@) 
have been discussed by MARTIN and ScHWINGER, op. cit. 
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D,= 0 and the representation (1.13) is inapplicable. In the representation 
for which A(; &,&,) is diagonal, 


(1.15a) Albo 3/61) = — A (— w; 3) 
is real and (1.11) becomes 


[ee] 23 si eS, ; 
ca) eresie 


If D,(&,) #0, we may write this last function for real w in the form 


6(&,€2) Dy (é 
[o + i(e + £L'(wé,) È — [e(wé,) |?’ 


(1.15¢) g(@ + te; 682) = 


where here D,(&), [e(w&)]?, T(w£) are real; e(— ; &) = e(0; &); and ['(—@; $) = 
IT; È). n. JE the real-w form is suffiieni with (1.11) to completely 
determine A,. 

The function A,(0; &&) is uniquely related to the associated auxiliary 
function g(r), and its Fourier trasform g(@),. A similar one-to-one correspond- 
ence exists between the function A, and the function g(r) of (1.7) only if 
the weight function (exp [«m + Bw] 1)-! does not display a pole on the 
real-w axis. If the (+) sign obtains, there is no such pole. However, if the 
(—) sign obtains, the weight function has a pole at wo = — m(«/P) = mu. 
In that case g(w) is undetermined to the extent of a term of the form O(&,é,)- 
-6(@ — mu). Since «,f are parameters in the present formalism, one may 
argue that no such terms exist if m 0 (*). However, the case with m = 0 
has a real physical significance in that it expresses the fact that the physi- 
cally meaningful class of functions 


(1.16) Gti — ta; E E) = gli ta; &,&) + O(É, È.) 


is associated with a single auxiliary function g(t,— t»; &:&2)o- 

The importance of the auxiliary function g(w), rests in the following 
theorem relevant to finite-interval convolution integrals appropriate to the 
application of Green’s theorem to functions having a «periodicity » of the 


‘ type inherent in (1.8). 


(3) This non-trivial statement is very relevant to B-H condensation. Note that 
it is not equivalent to the assertion that such 6-function terms are not frequently good 
approximations to the actual gi) in the event that g(@), or A(w) is not known with 
sufficient accuracy in the vicinity of the weight-function pole. 


(nni 
mi 
~ 


e e FA Ee et RR Po ey GINE NNT 
È 4 è 5 » a pie DI «dl 7a ne 


14 D. E. MC CUMBER 


Theorem (4). — Let g:(t;—t,), î=1,...,n, be functions such that their 
Fourier transforms have the form (1.8) with the respective auxiliary func- 
tions g:(0),, 1 =1,...,. Then the integral 


t> 
(1.17a) X(t,, te) =| ati... din_19:(t1— t1)g2(t1 — ta) «.- Gnlta-1— ta) 


t< 


fort. <t,t<t, =t-+T7, Ref=0*, Imf = T > 0is analytically continuable 
to the whole half plane Re f >0 and to the whole real ¢,, t,-axis. The ana- 
lytic continuation is independent of t_, is a function only of the relative time 
#;—t,, and has a Fourier transform of the form (1.8) with the auxiliary 
function 


n 


(1.170) . X(w + ie) = [] gilm + te) è 


oT 


It is important to note that the «, 6 weight functions in (1.8) must be the 
same for all of the g;(@) in (1.17). In the event of this being not the case or 
in the event of one of the g; being replaced by a function such as G,, n> 1, 
of several time variables, the lemma does not apply, although the result may 
still have relatively simple periodicity properties. These special cases must 
be separately treated, generally a tedious but straightforward procedure. 
Incidentally, note that the usual convolution-integral theorem associated 
with retarded vacuum functions is the special case of (1.17) for which 


a, B > + ©. 


2. — Transport properties and sound propagation. 


Having outlined the general formalism in the preceding section, we turn 
to the question of transport properties and, specifically, sound propagation. 
Let {0,(t)}} be a set of possibly time-dependent Hermitian observables con- 
structed from the implicitly time-dependent fields y, y+. Let the set of real 
scalar functions {F};(t)} be external time-dependent parameters conjugate to 


the {O;(t)} and representing perturbating external fields or the response of ~ 


measurement devices. The Hermitian modification in the Hamiltonian AH 


(4) Cf. D. E. McCumBER: Thesis (Harvard University, 1959); also, P. C. MARTIN 
and J. SCHWINGER: op. cit. 
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genrated by the F; is, by definition, 


(2.1) H(t) => F.(t)0 


Im order for the Laplace-Stiltjes connection between the «a, 6 functions and 
the eigenstates of N, H to have meaning in the presence of the {F;(t)}, it 
is necessary that AH affects the time development of the fields y but that 
it does not modify H in the weighting exponential of the trace (1.5). In 
essence, the states are to be weighted in (1.5) according to the energy they 
displayed some time in the distant past (*). The time behavior of the {F,} 
perturbed expectation values 


(2.2) CO.(t) em) , <0;(1) Ot) ’ ete.. 


constitues the «transport properties » of the system. For many applications 
it is sufficient to consider only the first-order modifications induced in <0,(t,)> 
by a unit impulse in F;.at time t, (9). It is easy to verify that that func- 
- tion is 


d<0; 
(2.8) 30° (hy te) = (— (01), O1()1-) (4 — 4), 


which is a function of the type (1.7) or, more precisely, of the type (1.9). 
In this case the parameter m of (1.11) is zero; e(t,<t,) = +1. 

Sound propagation may be generated and detected by coupling external 
fields to the particle-density operator. It follows immediately from (2.3) that 
the propagation of density fluctuations or sound is described to the first 
order by the density correlation function 


(2.4) Di te; TiyFi)e = (0) <Lytyp(ri th), y*w(rst.)]-) -O(t, — 42) 


or any of the corresponding class of functions (1.16). 
In this work we shall restrict our considerations to the bulk properties 
of homogeneous systems of arbitrarily large volume V. Although in the limit 


(5) The question of approximating the expectation values so obtained by those 
obtained from new ensembles which are characterized by a time-varying Hamiltonian 
and by local time-dependent variations in the statistical parameters is related to the 
question of transport of the physical quantities conjugate to those parameters but 
will not be discussed here. 

(°) For a more complete discussion of the higher-order terms cf. W. BERNARD 
and H. B. CALLEN: Rev. Mod. Phys., 31, 1017 (1959). 
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V-co such bulk properties do not depend upon the boundary conditions, 
we assume for simplicity that the multiparticle system is confined to a rectan- 
gular box on the surface of which periodic boundary conditions obtain. For 
definiteness we assume that the (non-perturbed) system is governed by the 
number-conserving Hamiltonian (% = 1) 


(2.54) H = Ye Wi, PaO) + 3D D wi Wi, Mikes Re ke) Yes Pr 
Key 


ky ki 


appropriate to two-particle interactions. Translational invariance requires 
that v be of the form 


(2.50) v(k;k,; He, hy) = v(k, k,; Be, ka)-O(k,+ ky; ey + kr). 
We shall further assume that v is B-E/F-D symmetrized. In writing (2.4), 
(2.5) we have suppressed internal co-ordinate indices. 


Since the system is translationally invariant, it is convenient to introduce 
the spatial Fourier transform of the G-functions: 


(2.60) 2Q(—-t;k)= y fate —r,) exp [— ik-(rr— r,)] Bt — te; m1 — ro) = 


= =] SE exp [the (ry ra] E Bat Bs kit od: 


‘exp, [ir *(k, — k,) | exp [irs (ki — ks) | “(vi vat) Ve, PE,(to)) > Sa 
A >. > (O (Wk, — ein Yk, + kee (4) Wk, + ki2 Pk, — k12(t2)) +) 


k, ko 


(2.60) => > Di, — ts; kak,; k). 
ki ky 


The functions Q(t;r,— rs), B(t; k), D(t; kik.; k) are functions of the type 
(1.7). The associated spectral density functions A(w) are connected by rela- 
tions similar to (2.6) 


(2.7)  A(0;k)= VJ an exp [—ik-r]A(; r)= > > A(@; kk; k) . 
ry ki ky 


Moreover, it is easy to verify that those functions provide examples of the 
special symmetries discussed in the preceding section. For real © we have 


GWA(@; k,k,; k) = wA*(w; kyk,; k) = 


(2.8a) =—wA(—o;k,k,; — k) and «non-negative », 


D, a [<p — Kiar on Ny + x12) JÒ(k; ko); 
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wA(0; k) is a real, non-negative even function of ©, 


2.80 
ne 80) Di (ty ecg et, ey pl} 
ki 
(2.8c) A(@; r) — y=? > exp [ik-r] A(a; k) . 
k 


As convenient we may utilize representations of the types (1.13) and (1.15). 
The familiar types of sound propagation manifest themselves in the func- 
» tion 2(0; k) by w-plane singularities which in the limit k +0 are dominated 
by one or more «resonances » which become increasingly sharp as & > 0. As 
shall become apparent in later sections the microscopic mechanism inducing 
the resonance may differ in various physical situations. In a two-phase system, 
for example, the sound propagation in each phase may proceed by a differ- 
ent microscopic mechanism. 
It is to be noted that the resonances at frequencies different from zero 
are frequently accompanied by a non-negligible residue at © =0. This is 
~ important and must be taken into account if one wishes to verify the caleu- 
. lational results by using sum rules, etc. Specifically, consider the case of a 
dilute M-B gas of weakly interacting particles, a case we shall discuss in 
— some detail later. It is well know that in the limit k +0 the function A(o; k) 
will exhibit sharply peaked resonances in the vicinity of mo = +a, where 


Bex vVas (se ne 
9 pg VEE i 2 
(2.9) Oo = a eS ka = yk? CN» anta 


_ Im this equation y,, %, are the isentropic and isothermal compressibilities, 
is the ratio of specific heats, and u=— «/f. We have implicitly assumed 
in writing (2.9) that e, = kj/2m. We also know that 


(co) 


ON) : eat dw A(a; k) 
TLC Me gl 3 eo 


he A( = Chi 
lim al = 


(2.10a) 


FE 


—_ 00 


and 


k_->0 


(2.100) lim D, = DE wA(o; k) = lim 2 ‘nx,) kk: ViViet, « 


2 - Supplemento al Nuovo Cimento, 
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Tf we assume that a single resonance of the type (2.9) obtains, then we may 
rewrite (2.104) as 


ON) ea ek aw 
“ef ee da DAO: Bhs 


Satin 


(2.100) 


- 


where c(04N)/du) is that contribution to lim | (d0/27)(A(@; k)/0) which does 
k—0 


not arise from the © = + @, resonances. From (2.10b) and (2.10c) we have 
immediately for ef, = kî/2m 


(2.11) o = 1— e+ (EV an 7 ; 


which corresponds to (2.9) only if (1— e) = y. 


3. — Integrals equations for the @-funetions. 


RE, ETA 


a : : : i 
The 2-funetions of the preceding section are special cases of the Green’s — 
function iG,. For example, i i 


(3.1a) Di t,; kk; k) = (—7%) Ci par Pe,_(ts)) +> = 
= Ga(ky th, ky te; ky ty, Fe te), @ 


where we have intreduced (7) | 
(3.10) | k,,=k,+3k. : 
The integral equations satisfied by the Z-functions thus follow immediately : 
from those satisfied by G, (§). Since it is generally impossible to solve those — 
equations exactly, we are primarily concerned here with the development of | 
techniques which will yield sufficiently accurate approximations tot he 2-fune- — 
tions. 

The G, for the non-interacting case with » = 0 in (2.5) are known exactly. ~ 


(7) One must carefully distinguish between the (+) superscripts and the (+) sub- 
scripts. The former refer to time ordering and indicate that an infinitesimal positive 
number is to be added to or subtracted from the time coordinate. The (+) subscripts 
are to be interpreted in the sense (3.10). 

(*) The integral equations satisfied by the @, have been discussed in some detail 
in reference (1). They are given in one form in (3.8) below. 


i NR Arie ieri 
SD 5 x yee : 
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For that case 


(3.2) P(otie; kyks; kb | o=0 = + d(Kks)[iG1(k1+; t, — t2)Gi(K,-;t,—t,)](0t+ieb= 
fer) — Hess) 


ol): 
w+ ef, — eh, + de 


= (ky k,) 


where 


(3.3) f(w) = (exp [x + Bo] F1). 


Here, as in the remainder of this work, the upper sign refers to the case where 
y, y* represent B-E fields, the lower sign F-D fields. One may easily verify 
that (3.2) does not display a sound mode such as is normally associated with 
a «perfect» gas. That this is not in contradiction with experience is clear 
if we recall that the mean free path in « pefect » gases may be macroscopi- 
cally exceedingly short. The gas represented by (3.2) has an infinitely long 
mean free path and is therefore a limiting case of a (non-sound-propagating) 
Knudsen gas. The simplest account of 040 follows by approximating G, 
by a symmetrized product of real G,’s. One may readily demonstrate that 
such an approximation is also not sufficiently accurate to describe sound 
propagation. Moreover, if the G,’s include damping effects, the resulting 
approximation will be strongly damped even in the limit k > 0. 

This latter observation is particularly noteworthy since it leads to a signif- 
icant group of restrictions wich must be imposed upon approximations to 
the 2-funetions (9). For the case k = 0 we have from (2.6) and (3.1) 


Dt, t,; key k.; 0) = (—1) (dg, (4) mg (t2)) +> 5 


(3.4) Di Gt, — ty; k, k,; 0) = (1) <(N (4) My, (te) +> 5 


ky 


Dt, — tz; 0) = (— i) (Nt) N(t)) > . 


Since [N, H]=0, it is clear that the last two functions must be time inde- 
pendent. Similarly, [P; H]=0 implies that 


(3.5) » kDt- ts; k, k,; 0) = (—?) (P(t) Wy, (t2)) +> 
ky 


(®) The remarks which follow are related to the fact that in a multiparticle system 
the transport cross section differs from the scattering cross section in the role played 
by the forward scatterings. Cf. the following treatments of electrical conductivity: 
W. Koun and J. Lurtincer: Phys. Rev., 108, 590 (1957); 5. F. EDWARDS: Phil. Mag., 
3, 1020 (1958); A. A. Aprikosov and L. P. Gor'Kov: Zurn. Bksp. Teor. Fiz., 35, 
1558 (1958) [translation: Journ. Exp. Theor. Phys. (USSR), 8, 1090 (1959)]. 
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be time independent. Additional requirements are imposed by the other in- 
variants. Physically it is clear that those invariant attributes which are most 
important are those which, if not the sum of strictly local operators, are 
the sum of operators which are local relative to the wavelength %k-. Thus, 
we must include the restriction imposed by the trivial commutator [7 Re ca 
For an N-particle system we would have many invariants, a large number ~ 
of which would not be excluded by the requirement of localizability. It is 
obvious, of course, that we cannot hope to treat all such invariants exactly; 
therefore, we must content ourselves with taking only a few of the most. 
important into account. This procedure is perfectly compatible with the 
statistical mechanical basis for the introduction of «, 6 functions. In fact, 
it is clear that the operators which are most important for the present consid- 
erations are precisely those operators {H;@;,é=1,...,7} which one might 
be led to introduce into the fundamental trace (1.1). In addition to N, P, H, 
the latter might include the total charge Q, the total number N; of particles 
of the i-th type in a non-reacting mixture, the total spin S, and the total 
angular momentum J. 

To develop systematic approximations to 2 or G, in which the postulated 
invariance properties obtain, we shall assume that the interaction » may be 
expressed as a function of a parameter » such that the power series 


(3.6) 0(12; 1'2’), Xn Wy(12; 172") 
m=1 
and 
(3.7a) (1... 510 EA) 


converge in a «sufficiently large » neighborhood of v = 0. For y= 0 the fune- 
tions G, reduce to the v= 0 functions 


perm| 


det ee ie 


(3.75) Gh 


The functions w,, in (3.6) are Hermitian, are B-H/F-D symmetrized, and 
satisfy the same conservation laws (cfr. (2.5b)) as v (19). 


(!°) The generalization to the interaction (3.6) is not purely academic since such 
an expansion is, for example, the basis of Brueckner’s t-matrix treatment of singular 
interactions. 
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The functions G, satisfy the integral equations (exact) 


da... n" 1°. 0 
(3.80) — G.(1... 03 1°... n) = 611°) G,a(2 «.. 03 2"... 0") = (1 ar Bela 


+ 11’) 0(1/n+1; 1"n+1")Gny(1"2... NH LL. aL) 


(3.80) == Slt Sait us ) G1°1) (2... ws 2'..N') + 


LG(1.. onto; 1". nn +1") ola 41%; ln FRA). 


In writing these equations we have used an abbreviated notation; summation 
or integration over intermediate variables is implicit (**). Sustituting the 
series (3.6) and (3.7) into (3.8) we have upon equating coefficients of equal 
powers of v that for m > 


dl Maree Matin 4) 
= Wale pa a a 
(n —1)! 


(3.9a) GTI... n; 1°... n) = GY(L1") Gr 4(2 «.. 8; PAD ha + 


+ Y Gi(11”)w,(1"n +1; 1"n AGL" 2 nn +1; La nn tt 
r=1 


ro bald i Sy eae Ga 
(3.96) = 2 = ) 2G (2... 0"; Ben!) £ 


tiv GRY (1... ant1-; 12... nn + 1’)w,.(ln+1";1"n+1)Gi(1"1') i 
r=1 


These equations together with (3.7b) are sufficient to completely determine 
the G - 

Let us consider in more detail the invariance properties previously dis- - 
cussed. In what follows we mention only G, since that function is of imme- i 
diate interest. It is nevertheless clear that our remarks may be easily extended 
to the general G,. With respect to [N, H]=0, we note that 


(3.104) <(N (ty) mx (t2))+) Dy <(Mp,(ta) Mp, (t2))+) = > VG,(kyt, kyts; kit, kt). 
ki 


ki 
Similary, with respect to [P, H]=0 we have 


(3.108) <(P(t,) n, (t2))+> E > ky?G,(k,t,, ket, ; k, ty, k, te ke 
È 


(11) Time integrations extend over the finite interval (t<,f,.) mentioned in conjunction 
with (1.17). 


a 
ri 
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ni fi 
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The expressions (3.10) have the general form 
(3.11) > {{.A (kx; tit) PG, (Kits, bets; kt} kt} Menti + g(ki k;)}, 
ky 


where A (Ky; tt) is a y-independent function of (k,; tt) and possibly a finite 
number of their derivatives. The treatment of [H, H] =0 may be reduced 
to the consideration of a function of the type (3.11) if we observe that 


AG - 16 = i x 
812) S (2h, +i it) pirlo 
1 la 


ki lo 


= Di 4&t,wx,Wx(t1) sue Si see Dwi,wx,0(kgk,; kk.) prep r,(ts) = 4H(t,) - 
ki ky ks 
Thus, 
(3.13) <(H{(t) 2, (t2)) = 


i +10 TECA È 2 
ws (28 a4 Sag i i2G,(kt,, kot; kt}, hsti)| a, 


\ 1 3: t=t=t, 


— 21n,,> 0k) 


which is of the asserted form. To proceed, we shall assume that the treat- 
ment of all relevant commutators [Q;,H]=0 may be reduced to the consid- 
eration of a function of the type (3.11). We remark that we have here 
considered only the indices (11'). Since corresponding results obtain for the 
indices (22’), it is clear that the indices (11') and (22’) must be treated sym- 
metrically. 

Since the function ./(k,; t,t,) of (3.11) is v-independent and since for all » 
the exact G, has the postulated invariance properties, it follows that for 
each m >0 the function (12; 1'2') given by (3.9) identically satisfies the 
invariance requirements. Hence, if we require each approximation to @ to 
Satisfy those requirements exactly, it is sufficient to take the truncated series 


M 
(3.14) G,(123, V2 > pe Gils 2!) 


m=0 


as the order-M approximation to G,. Neglecting for the moment the (11), 
(22') symmetry, we observe that with respect to the indices (11') the inva- 
riance properties will remain if each of the 


(3.154) QUER 
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in (3.14) is replaced by 
t> 
(159) SY far@z(at, Bid; Baty, bots) X(hoto, bots; Beate”, Int) - 
ky ky 
t< 


This fact follows immediately from the cyclic property of the trace and from 
the commutators [Q;, H] =[@Q.,Q;] =0. Thus, we may replace (3.14) by the 
alternate approximation 


M 
(3.16) | @,(12; 11; M) = > w[6@7(12; 1/2) + 
m=0 


+ 21, kit; 1, Ry *) Xx(oto, 2; Wat, 25], 
in which we have again utilized a symbolic notation. In order that (3.16) 
‘ be a systematic approximation to G,, the functions Xj, must be such that 
for each m 


(3.17) OS aa Mc 


Since _X7 is possibly v-dependent, the functions (3.16) are not simply partial 
sums of a power series expansion in v. To emphasize this difference from 
(3.24), we have dropped the suffix v from the function G,(M) of (3.16). In 
addition to having the asymptotic form (3.17), the functions X} must also 
be such that the symmetry between (11') and (22') is maintained. These 
restrictions still admit a rather large class of functions Xy. 

In general, the functions (3.16) will not be properly B-E|/F-D symme- 
| trized, except to the perturbative accuracy in y of that-equation. Moreover, 
those functions may not be artificially symmetrized without destroying the 
time invariance required by [Q;,H]=0. One may show that by a suitable 
choice of the functions w, of (3.6) one can often restore all or part of the 
B-E/F-D symmetry. In this regard we should also note that equations (3.14) 
and (3.16) may be very much more complicated approximations to the real 
G, than a simple perturbative expansion in powers of the interaction v. This 
is particularly true if the w, are themselves functionals of G,: Such consider- 
ations are, however, beyond the scope of the present work. We shall here 
assume that the system under consideration is such that the exchange effects 
omitted by the improper symmetrization of (3.16) are negligible and that 
the w, are independent of the G,(M). 

Depending upon the nature of the w, in (3.6), the quasi-perturbative 
results (3.14) will not suffice for a treatment of the collective modes in G, 
appropriate to sound propagation. However, the introduction of a function X 
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in (3.16) permits us to replace (3.14) by a linear integral equation which, 
when iterated, will generate the sound modes. Im considering the sound modes 
we are primarily interested in the spectral characteristics of the equal-time | 
function (3.1). This observation suggests that we utilize the function XY of | 
(3.16) to shift from a direct expansion such as (3.14) to an expansion for G, 
in which the primary emphasis lies in the spectral behavior. The single-par- | 
ticle Green’s function @,(11') provides a simple clear cut example with which |; 
to illustrate such a shift in emphasis. Setting n =1 in (3.8), using theorem — 
(1.17), and recognizing that in the present case G, is diagonal in k-space, 
we have 


(3.18a) Gi(k,;w + te) = Ok; @ + ie) + 
+ Gi(k,; © + te)of + iv(13; 1”3") G,(1"3"; 1'3+) |(ky; @ + te)o 
or, alternatively, 
(3.180) Gi(k.; + ie); ! = G(k,; @ + ie) — 
— [+ iv(13; 13") (13%; l34)G(l'VEK © ae ee 


Expanding v as in (3.6), we are led from (3.184) to approximate G, by the 
truncated series derived from (3.7) 


(3.19) G,(k; 0; M)= = Sg 1 (ke; W) . 


This expression is analogous to (3.14). If on the other hand we were to express 
[+ ivG, G;'] as a power series in », we would be led to an analogue of the 
postulated iteration of G,: 


(3.20) G(k;o + de; M) = GY(k; wm + ie) + 


oo 


M 
+{>¥ ym OT(k; @ + ie)o} ‘Gi(k; @ + ie; M),, 


m=1 


where the coefficients 07° of the expansion 


(3.21) [+ GivG.G77](k; w + ie), aS ym OF (kb; w + ie) 


m=0 


may be determined by substituting (3.7) and (3.21) into (3.18) and by equating — 
coefficients of equal powers of v. As one may easily verify, I 


m_-1 

DI 0 1 Fa 

(3.22) Q=0; ) ata tee ae SSA ead 
t=1 


Note that Cy! depends only upon the G", m= 0, ..., M. 
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Suppressing for the moment a detailed consideration of indices, we may 
easily write the corresponding relations for G,. Corresponding to (3.18) 
there is the equation 


(3.23) Garde (0; 0 yee, . 


If we define coefficients 07° such that 


| (3.24a) [G, — GS] Gi 1_ 5 ym OF 


m=0 


then as in (3.22) 


mel 
(3.245) O=0;-_ 8@=@; om=ar—y oar’, m > 2. 


t=1 


Using these results in (3.23), we obtain the order-M approximation analogous 
to. (3.20): 


M 
(3.250) G,(M) = G2 +{ Y #02 Gt} (G2)*-@G(M) = 


m=1 


(3.255) = G9 + fo + v?[G2 — GGI) GY] +... + L(G) G(UD - 


This equation is easily seen to be of the same general form as (3.16) provided 
that the intermediate indices are treated in the equal-time manner of (3.15). 
It remains to consider the intermediate indices of (3.25) in some detail 
since there is some difficulty in defining an inverse (G3) which operates solely 
upon the indices (11') or (22’) of G$(12; 1/2’). Recall from (3.7b) that for our 
present system 
(3.26) G@2(12; 12") = G8 (he, E; ty — 4) G(s £55 ty — t,) Ò(kxk) d(ley ks) 0(E18,)0(E28) + 
+ Gir; th — ty) G2 (Kea Eo te — 4) (ky hey) d(k, ky) 0(E: &) d(E26,) 5 


where we have explicitly indicated internal coordinates £É. As is\clear from 
(3.1), we are primarily interested in the case 


Aid .27) bk = ho — k= hk #05 


which for simplicity we shall simply designate in what follows as (k #0). 
For that case (3.26) becomes 


(3.284) 9125 1'2)=+6%k 6; th — 11) G%ks E; t—t1) O (kx Be) 0( Beg) DELE) OE x8) 


oD 
N 
tes 
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(3.285)  6(12') 621") = + G21") G(12; 12) 0) = 
= + Ge(2205 BGS": aye pas) Go(272" 72 


That is, for (k 4 0) we are able to define a simple inverse operator which acts 
only upon the indices (11’) or (22’) of G3(12; 1/2). We shall therefore assume 
in the equations that follow that (k # 0). Conservation of total momentum 
insures that an equivalent inequality holds at each intermediate stage where 
(G2) acts. We shall indicate shortly that the (k 40) requirement is not a 
serious restriction. 

As has been noted, the preservation of the time-invariance properties 
requires that the intermediate indices be treated in the equal-time manner 
(3.15) (2). Moreover, we must meet the requirement (3.27). If we symboli- 
cally indicate intermediate stages of the type (3.15) by *, the following is 
an admissible symmetric equation of the type (3.25): 


(3.29) Gi(M)| peo = G2 + {0G} + v*1G3 — Gia (0) +... + (GY — PE 


+ {Gh + ...} (GQ)-1 & G,(M) * (GI) + ...}. 


The *-notation provides a convenient distinction between equal-time opera- 
tions of the type (3.15) and different ones which might arise in subsequent 
applications of (3.29). It is easily seen that, at least in so far as the expan- 
sion (3.7) has meaning, G,(J),, approaches G,(k70) as M > oo, the error 
in G,(M) being perturbatively of order »”*!. Of course, by virtue of the infi- 
nite order iterations implicit in (3.29) the approximate results based upon 
that equation may contain collective effects not present in the results of the 
same perturbative accurancy obtained from (3.14). 

Since in order to define the inverse (G{)-' we restricted our considerations 
to the case (k # 0), it might appear that equation (3.29) has no value in 
the case for which (k = 0). In fact, that equation does provide an approxi- 
mation to that component of G,(k=0) which varies « continuously » as k + 0 (12). 
For the exact G, that component is precisely G,(12; 1/2’) — @,(11')@,(22’). 


(2) Strictly, the expressions (3.25) would have the form (3.16) if the iterative 
process were defined in a special manner such that only the first and last intermediate 
integrations were of the type (3.15). 

(°) In figuratively mentioning continuity we of course neglect the discrete nature 
of the momenta, although that may be extremely important (as in low temperature 
B-E systems). The distinction to be made is more precisely between those terms of G, 
which contain for all 2, 6 the factor d(k,, kj) 6(k,, ky) and those which do not. The 
«limit » of (3.30) is to be understood in the same sense. 
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| Thus we are led to define more generally (1°) 


(3.30) G,(12; 1°2‘; M) = [G,(11’) @,(22’)],,+ jim G,(12; 1/2’; M),. 2 
as the order-M approximation valid for arbitrary momenta. In this equation 
G,(M) 29 is to be determined from (3.29); (G,G@,),, represent an order-M approx- 
imation to G,G,. It might be computed from (3.20) or, alternatively, it 
might be computed from the «discontinuous » component of G,(12; 1/2’) 
associated with the 6-functions 6(k, ki) 6(k, ki). 


k40 


4. — Special cases of the approximate equations. 


In what follows we shall restrict ourselves to the equal-time (tf, = 1; t = t,) 
form of equation (3.29). Each of the components of such an equation is a 
‘function of the type (1.7) having the same periodicity as the Z-functions 
of Section 2. It follows that the finite-interval Fourier integral theorem (1.17) 
applies to the time coordinates. 

Corresponding to the G,(M) defined by (3.29), we introduce the order-M 
approximation 


(4.1) Salt; key kee, ke) = (0,(k ti, by tes bye tf ky ti; M) 


to the Y-function (3.1). It is convenient to introduce the slightly more gen- 
eral function 


(4.2) Dy tr — ty; kx ki, bey ki) = i@s(bexti, ty; Kitt , kitts M) 


1318 


and the components 
eo) Db — tes kiki, kak,) — iG (kath, loto; yt}, bite), 


which would appear in an expansion of the type (3.7). Using these defini- 
i tions with theorem (1.17) in equation (3.29), we have (14) 


(4.40) Q,(w-+ ie; kik, k,k,) 


ol eo 


= Bo + ie; ky ky, ks k,)o + D-. DL} (0 + de; li ki, ks ks)o" 


es ky 


Dw + ie; ky ky, ky’ ko) !-Qy(0 + ie; kt ko, ky ky). = 


(14) In dealing with the auxiliary function G(w+ie), we no longer need to indicate 
(kA0) since the (k=0) and the (k~0) 4-funetions both belong to the same class (1.16). 
However, it is sometimes convenient to indicate the (k40) explicitly as a reminder 
that no d-funetion component should be added in computing 4(@) for (k= 0) from 
Dowie). 
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(4.40) =Dy_,(w + ie; ak, kaka) + 2a Sv[2*(04 ie; kx ki, Eko] 
E 


Dw + te; x ki, kk’), >:D, (@ + te; E “ke, Key È i 


where 
(4.40) = {..} (0 + de; kik,, ka ky) = 
vD'(0 + ie; ky hy, ky ko + [2 + ie; by kj, ok) XD 
Dw + ie; ky kl, k3E3)- Do + ie; ki, kyo)! 


5 | 
Dw + ie; kek,” , k,k)} +-+ +v40-1-3 


È 
In writing (4.4) we have, of course, suppressed Lei coordinate indices. — 


From (3.28) we have TE (#4) 


(4.5) = D0+ ie; kiki, kl) = = Je, (kk) 0( kk) , 
k ky 


where the functions f(@) are defined in (3.3). For m=40 the functions 9"(w+4e; 
k, ki, k,k,), are somewhat more difficult to determine. It is instructive to 


consider the case for which the w,, of (3.6) are chosen such that 


(4.6) Wy =; Wn == 0, mo>2. 


This choice is appropriate to the case when v represents a weak perturbative 


interaction, since the expansion (3.7) becomes simply an expansion in powers 
of the interaction. Using (4.6) with (3.9) and proceeding with a tedious but 
nonetheless straightforward computation, we may determine the various Y”. 
For m = 1 we find 


(4.7). Dw + ie; kyki, kak), = Hees ater 


D N08) {Lek alt) + ns; kab) aoe + 


| 


È (kl; Kak) + (bs; xk) 30 } {te ee 
k, ki 


ie — te) i TRE Hex.) — flex) | 
co + ey =e) G6 [o(k ska; bike 2) why ka; kiki)]: [OE È 


To simplify the subsequent presentation, it is convenient to introduce a dia- 
gramatical representation. ‘We shall represent the propagator G?11') by a 
solid arrow having its head at the point 1’, tail at 1; we shall represent the 
symmetrized interaction v + v,, by a dashed line. The function fez), which 


so 
Nn 
~ 


È 


i 
ci 
A 
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equals + iG%(k,; 0-), will be represented by a circle or «bubble». Rewriting 
(4.5) and (4.7) according to such a scheme, we would have 


(4.8) gu 


Using the same prescription, we have the following representation of QZ: 
(4.9) o OE li ia 
PARA aa A dia .0 USS 
0 CONT fae + BIS} 
«o dr N 
: (1) 
+2 ole al+pi 0] 
(2) 


Y 


We have separated this expression into two groups of terms since in a cer- 
tain sense, more intuitive than strictly mathematical, the first group corre- 
sponds to an iteration of the first-order terms of 2! while the second group 
represents intrinsically second-order effects. 
Using J in the M =1 form of equations (4.4), we have after simple alge- 
_braic operations 
(4.100) = £o+ ie + ef, (key ky) — e (hak) } ilo + ie; kk, kxk,)o = 
= 5(Jey hy) d(Ks ey) Bk ky )[f(ee:) — flee.) ] + 
+ Ry(k, ky) P(e) — f(.)] ‘> > [v(ki ks; Ki kE) 0]Di(0+ ie; ks, ka og 
ks k} \ 


where 
t 0 d d | 0 0 de 
- (4.100) R.(kk)=j1- È f(€x,) LEA fee v| ran In [ f(ex;) fo f(£4.)] ’ 
i E dex; det J 
(4.100) ex,(k,k1) = ex, + Ri(kak1) 2 f(ee,)[o( baka; kaka) + 0]. 
In the event that exchange interactions are negligible and that the direct 


tb. 


x Re ele ee GS Ey dan gi eta. è dd a ee 
EP PPE SS LE ee eet oe EP aes 


Fot ai 
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interaction is a function only of (ri — rs) 
(4.11) va(k, ks; k,k)) = 0(k, + ka; k, # k,) ‘va((k, Tri k,) = Mk, =] k;)), 


we may solve (4.10) exactly to obtain thereby (!°) 


X,(@ + de; k)o 
1— v,(k)-X.(0 + ie; ko” 


(4.120) 2Qi(0+ ie; kb = = > Dw + ie; kyk,; ko = 


where 


>! Ha Ek, 5] 
2 if + Bv,(0) [1 + fler,_) = f( (£k,,.) ls > i ey} 


‘(0 + ie + ef — at — 


(4.12b) X,(0 + ie; kb = 


yy PV) N a fe] 
3714 Bo(0) 1+2/EN] > He 


; (w+ie) —k- Ver). 


Expression (4.12) or a simple modification thereof (!9) has been studied for 
a number of interesting cases. It has been found to be particularly relevant — 
in treating collective density modes of low-temperature degenerate F-D and 
B-E systems (1°). 


‘With respect to medium temperature M-B systems — systems of mole- | 
cules forming solids, liquids, and gases at ordinary temperatures and pres- | 
sures, for example — one finds that, under the strong-force high-density © 


conditions which obtain in solids and liquids, it is conceivable that a higher- 
order form of an equation of the type (4.12) will predict a collective sound 
mode for such systems. However, it is noteworthy that sound propagation 
in weakly interacting dilute M-B gases is not described by a Z;-equation. To , 
better understand this, let us consider (4.12) in the long wavelength limit 


‘ 


de. 


(15) A similar result obtains of course in the event that the exchange interaction, 
though possibly not negligible, may be approximated for the relevant range of momenta 
by a constant. 

(16) For hard cores, for example, v(k) must be replaced by some sort of scattering 
matrix. For the electron gas the singular v(0) must be compensated by a neutralizing 
charge distribution whose effects would appear in the formalism as an external field. 

(i?) The phenomenon of «zero sound» in F-D systems has been treated by a 
number of authors; a recent treatment containing references to older literature is the 
work of K. Gorrrriep and L. Pitman: Phys. Rev. (to be published). A related 
‘phenomenon, electron plasma oscillation, has also been extensively treated; we shall | 
cite simply the article by K. Sawapa, K. A. BRUECKNER, N. Fuxupa and R. Brour: 
Phys. Rev., 108, 507 (1957). Although the analysis is complicated by fluctuation con- 
siderations, one may also show that the Z,-equation is relevant in treating the phonon | 
Spectrum of a condensed B-E gas. 
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(k > 0), retaining only terms of highest order in the fugacity exp [— x] and 


. choosing 


(4.13) Valk) = Vy + 


We have for this case 


(4.14a) B,(w + ie; kh > 


ie ye exp x" | 
nf arf © + ie)? — py? | 


= = 


{ : =" Jw wee exp 741) 
es om 0a exp [— 77] — Povo cg dy (@ + ie)? — ug 


where we have introduced © such that 


(SÌ 


2k 


4 2 == 
(4.140) 1) = 


et 


aes) 


The sound resonance, if it exists, will be associated with a zero of the real 
part of the denominator (w real) in (4.14). One may readily determine that 
for @ real the maximum value of the ratio 


1 oo @ 
P —1 
(4.15) fonfer exp [— x°] e i fa faz x° exp [— ei} ) 
= 0 0 


is on the order of unity. If follows from this fact that a sound resonance 
could occur in (4.14) only if 


Aen 


(4.16) bum >; a or Ba = It; 


»|s 


\ 


where in the second expression we have introduced a scattering length a and 
the thermal wavelength 2 = V478. The condition (4.16) is strongly violated by 
a weakly-interacting dilute M-B gas. We shall see later that, provided the 


sound wavelength is sufficiently long (k +0), the interaction strength », > 0 


may be made arbitrarily small and the sound propagation in the gas will 
still be maintained. This, of course, would not be admitted by (4.16). With 


‘respect to liquidis and solids for which (4.16) is easily met, we note that is 


is not reasonable to restrict ourselves only to the first order approximation 


zl 
iJ 
w- 
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(4.12). Moreover, it is well known that the simple random-phase approxi- 
mation (4.12) exhibits inadmissible instabilities if one attempts its solution 
with the attractive binding interaction of solids ad liquids. 

In actual fact the sound resonance associated with weakly interacting 
dilute M-B gases, «perfect» gases, is a second-order phenomenon associated 
with the occurrence of damping in the single-particle Green’s function G,. 


We shall devote the remainder of this work to the consideration of the second | 


order case. In treating that case it is convenient to utilize the separation 
of terms indicated in (4.9), writing (4.4) in the form 


(417) D,= D+ D+ °D, — 


(1) 


v°D:(D9)1D(D)Y12, + Di (D)7D,. 


Substituting explicit expressions for 2°, G', and 2î 


» into (4.17), we obtain 
after simple operations 


(4.18a) {ow + te + ey (kek, ) — ci. (ki ky )} Blo + te; ky ky, kee ky)o 


= 6(k,k,) d(ky ky) Rath) — (+ 


oe Fat hike )- Lien) = f(z.) ]:D > [oth ky; kik) + 0]:Q(@ + ie; k,k,, ke, kyo + 


ks ks 


ee R.(kxk,) “To det €, oF cpl DE) 71D, 2(0 + de; k, ky, k, kn, 


where 

(4.185) R,(k,k) = | — Pe fi de DI f(ex) [v + 0] Ta je). {to + 0] Za te 
+ fo £0] oh Im [fet — He] — 4/8) — N01" 
{Ene ) {tot 01 a le 8) wail} U (Het) — flet)] + 


+ [Src (£3) {to at 0 7a at [0 + v] aa} In [f(e1) Sar ie] ge 


(4.186) ehh) = a, + RACK) & + E 10) flv od + 
+ {foto ag + Ol gg] (pet) — fle] AIL e) 0) 


Under the conditions for which (4.12) obtains, the above result may be sim- 
9 plified somewhat. Rather than pursue the analogy with the 2,-case further, 


o 
oO 
Na 
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however, we shall shift our attention to the component 9î, which has only 
been symbolically represented in (4.18). 

A detailed treatment of 2°,, although straightforward, would require 
far too much space since the various expressions are not readily written in 
a concise manner. For this reason and in order not to obscure the essential 
features of the calculation within a maze of algebra, we shall make a number 
of simplifications which are particularly appropriate to the treatment of the 
long wavelength sound modes in a perfect gas. To this end we note that 
with the choice (4.6) the integral equation (3.20) yields the following second- 

‘order expression for the single-particle Green’s function G,: 


(4.19a) G,(0 + ie; ko = @ + te — ef, > {1 L 2 fle: )[o + 2] ea. 


f(es)[v(K1ks; kyks) + 0] —4$ De > 2 {r(e2)[1 + f(e3) + fles)] fled) f(e0)}; 


[0(kxks; sks) + 0] [v(kgk,; Kiko) ) #9] 
(@ + te + e — 9 — &?) 


(4.19b) & @ + de — E, DEI I 0 Î( (e%) oto] dal f(e)[o +0] — 


—42. DD tle) [A + Hes) + Hes] F les) en} 


P 
1+ és Cala — ei 


‘fv +o] [voto] 1 inò(e1 + ae. - 4) : 


The approximation (4.195) for © real is excellent under perfect gas condi- 
tions but is less valid in those cases for which the 4,-equation (4.12) yields 
a collective resonance. The second-order term of (4.194) appears in. conjune- 
tion with propagators G} in the first two terms (cfr. (4.9)) of 2ì,. All of 
the terms of 2°, are closely related in structure; in each of those terms we 
: Shall make the approximation equivalent to that indicated in (4.19). Since 
the last two terms of 2°, are not diagonal in k-space, there exists a slight 
ambiguity in the frequency approximation to be employed. We shall resolve 
that ambiguity by requiring that the approximation maintain the structural 
| similarity of the 2%, terms. (This is tantamount to asserting that the rele- 
vant frequency is that of the « driving » function (Y°)-'Z on the right hand 
side of (4.17)). In fact, this choice may be shown to be the only one com- 
patible with the time-invariance conditions previously discussed. As in (4.19) 
the postulated approximation will generate in each term a real and an imag- 
inary component. The real components could be absorbed into a 2;-type 
equation, as were the components of 2è, in (4.18). However, since the expres- 


ce 
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sions involved are extremely unwieldy, we shall further simplify our analysis 
by omitting all real components of (9°)[G* — B(D)4~AD|(D) in (4.17). 
This simplification will not destroy the time-invariance properties since the 
invariance relations must clearly hold for the real and imaginary compo- 
nents separately. Thus we shall maintain order-v accuracy in the real com- 
ponents and order-v? accuracy in the imaginary components. Doing that, 
we are led to consider the equation 


(4.20) {eo + ie + ej (Ray, Fi) — ci (ha, Ri-)} Q(0 + de; k ko; eo = Ri(hi+, ki): 
SAB, wi fex,,)] ‘{O(K, ky) + D> [0(kx+, ka; K-, heat) + 0] 20 + ie; kgka; k)o} — 
3 


— i Y[Ko(kykn)}Z(0 + ie; ka ky; E) — Koa ks) 220 + ie; ky ky; )o]} 
- 


valid for m real . The functions e!, R, are defined in (4.10). The functions 
K(k, k,), are the following real even functions of k: , 


(4.210) K,.(k,k,) 


we 


3a pi [1 E flee +) Jf(£% )f(ek,) {[{(e8,)T-[0(4.kx: ksk,) + v]: 


: [o(Ksk,; kyk,.) + v|-d(eR, = eR €, — €k,) =e [f(ex,_) | 
*[o(K.k:-; kk,) + ©] [0(Kgku; k,k,) + v] 3 (eh, at Ex, — Er, = en) }5 


(4.210) Kss(k;k3)x = ‘=F > D flex.) fler,) [esr [a + Bez,]- 


Tit; eaieie ole eee ee ) 4 o] 2 {ree os) ae, e e ae 


f(eî.. ) 4 


Ca fle’, ) (er, + Ek, — ES, FIG E, 3 — [o( (Ki+k,- ; k, k,) _ v] [o( (k al k.;k;-) y+ v]: 


L1 = {(€k,.)] 0 LENTO 0 | 
TSE Ò(ek,_ + &k, — &k, — ety i 


(ex, + en — E, — €k,) + 


[1+ f(e6_)] 
mai 


Ex, a) 


J 
BG 


In contrast to the real components previously neglected the functions (4.21) 
remain finite in the limit k > 0. If we define 


(4.22) Mk), = >: Ko(kaki)k, 
ks 
then in the limit & + 0 the function /'(k,), is to the lowest order in the fuga- 


city equal to the half-width to be associated with the approximate single- 


qu 
n 


™~ 
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| particle function (4.196) in the representation (1.13). The k=0 functions 


have the following two important additional properties: 


| (4.23a) LR.) = > K,s(ks ki) = > Kok, k)o; 
pp Di 


(4.230) Ly a A (ky) a | Ki2(ksh1)o F( ki) a K(k ks), D(ks) | = 


= E XE XIHA) + Mh) — he) — oth} ENTI. 


ro 9) 


*[o(Kxk; kaka) + v][0(k3E.; kik.) + 0] dle, + ei, — ex, — &7,)*D ky) « 


- The function Y,, is zero, independent of 2(k,), for the following important 
| choices of /(k,): 


(a) &A(k,) = constant :[N, 1] = 0; 
(4.24) (b) A(k,) = ky :[P, H] = 0; 
(e) WA(k,) =e :[H, H}=0. 


If the interaction v is diagonal in other coordinates as well as the total mo- 
mentum, there will of course be additional invariants. The various choices 
correspond in the present order of calculation to the «summational inva- 
riants » to be associated, as was discussed in Section 3, with the indicated 
zero commutators. 

It is apparent from the preceding remarks that (4.20) is a type of Boltz- 
mann equation. By continuing to higher-order forms of (4.4), using (4.6) 
or some more sagacious choice of the w,, one could in principle extend that 
equation to arbitrarily high accuracy, maintaining the necessary invariants 
at each stage. The form (4.20) is sufficient to describe sound propagation in 
a perfect gas, and we shall consider that specific case in the next section. 
In the process we shall develop approximations which are appropriate for 
studying more general features of the solutions of (4.20) than merely the 
sound modes. 


5. — Sound propagation in a nearly-perfect ga:. 


The usual methods for obtaining the sound modes from a Boltzmann 
equation do little to clarify the microscopic propagation mechanism nor do 
they indicate in any precise manner the limits of validity of the procedures. 
In treating the long wavelength (k > 0) sound modes of a nearly-perfect gas, 
we propose to circumvent these two objections by treating quantitatively 


oO 
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the K-function kernels of the integral equation (4.20). Unfortunately, even 
for relatively simple choices of v and ef, the functions (4.21) are much too 
complicated to admit the normal methods of analytic solution. In order to 
pursue this approach further, we must therefore introduce approximations 
to the A-functions. 

To simplify our considerations, let us assume that the kernels (4.21) may 
be replaced by their k = 0 forms. This ig by no means an essential step, 
but it does greatly simplify the mathematical forms. The order-k* terms 
neglected in the k = 0 approximation would first enter in the terms describing 
the damping of the sound resonance. With the k=0 assumption we may 
by virtue of (4.23a) replace K,, by Ky. Further, we may write K;, in the 
form 


(5,1) AU a > Pp, (co a Ki (ky ke) 


where the K,(k,, ks) are functions only of the magnitudes k,, k,. Using (4.21) 
we may easily verify the symmetry property 


k, ky) eT exp [a + Bex] = K(k. k,)- [fle Via exp [x + Be], 


from which we are led to approximate K, by the partial sum 


(5.2) K(k ks) = [f(ez,)] * exp [— « — Bey]: Si )Gin(Ke) « 


n= 


The functions g;,(k) must be chosen so as to satisfy the magnitude require- 
ment (4.23) 


(8.34) T(ln) = Y Ku(ks ba)o = [f(et,)]* exp [@ — Bet] Fan) LE dona) ]; 
ks 7 n k, 
and the invariance conditions implied by (4.23b) and (4.24): 


(5.35) LE, H| = 0: ky > GJon(k ) 12 Gon (k a 3 D Gin 1) >. ks91,(Ks) |; 
ks 


(5.30) [H, H]=0: Ex, >) Gon k VI Gok s)] = 2 Ion (Ka) ID; Ex, Gon Ks) | 
n ks 


The [N, H]=0 condition is trivial since we have already used (4.23a). We 
remark that, except in the classical limit where angular momentum behaves 
like an ordinary vector, the condition corresponding to [J, H] =0 might be 
very difficult to implement. If desired, one could compute k 4 0 modifica- 
tions to (5.1) and (5.2); we shall not do that. 
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In order to simplify the K-independent terms of (4.20), let us assume 
as in (4.12) that exchange interactions are negligible and that the direct 
interaction (4.11) obtains. Neglecting the 0(k*) terms of ¢,., and the 0(k?) 
terms of R;(k,., k.) > Ri(k1), using the expressions (5.2), and summing (4.20) 
over k,, we obtain a simplified integral equation appropriate to the k->0 
limit. 


(5.4) {w-+ie—k- Vel + iR.T(k)} x P.(cos EC + ie; kk) = 
= {1 ae Bv_(0){1 SE 2f(et,)]:X H(eî,)} 


-{(k- Vek, ) Bf(ee,) [1 + fler)] {1 + 040) -2 Dolo +i6; Rak)o} + 


B P, (cos |) 6) 
} k a a STA 


LÀ "n 


In (5.4) we have introduced the representation 


‘ : k È 
(5.5) D(w+ie; kk) => Dw ie; bk; k)= > Pr (cos A Dw + ie; kyk). 
ka 7 
We are interested in the w-plane singularities of (4.4) in the region @ ~ k| Wey cs 
Since Tk), is independet of k, it follows that in the limit k->0 we may 
utilize the expansion 


1 % .otie—k-Ver, , | 


(5.0) {o + ie k- Vel, + il TU} = ae PE) EIA 


in investigating those singularities. 

The essential simplification which we shall make to reduce (4.20) or (5.4) 
to a tractable form is to represent the functions K, by only a few terms of 
the sums (5.2), but enough terms such that the conditions (5.3) are met. In 
principle, this approximation could be extended to arbitrary accuracy since 
the integral equation (5.4), having a sum of separable functions as its kernel, 
is soluble. In practice, i it is reasonable to believe that. for most 
purposes a few well chosen terms will suffice. For simplicity in presentation 
we shall use the minimum number of terms compatible with (5.3). Thus, 


we shall take 


Yox(k1) Gor(h2) + Goz(K1) Joz(k2) for 1= 0; 


(5.7) Ki(kxks)[f(e)] exp [e + Ber. =) 9.(k) 9%) for 1= 1; 
| 0 LOW dase 
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We shall indicate later the nature of the modifications induced in the results 
if one were to supplement the choice (5.7) by several additional terms. 
Substituting the expressions (5.7) into (5.4), we are led to a set of four 
coupled linear equations whose solutions describe the collective modes of 
the system in the relevant w-plane region. In matrix form those equations are 


Fw + ie, ke) + k?| Vel f) +... 
(5.8) [M] ee 2 kik) (= 2 ne Leper yetep tel 
Saar Fato + ikg,|Ve|30R, {1 di i) Ri a. 


where the matrix [M] has the specific form indicated in the Appendix. The 
w-plane singularities in the sound-resonance region are determined by the 
zeros of det [MM]. One may show by tedious but direct computation that 


(5.9) det [M] = — B,B,— io{B,By+ B:B.} + [o:[B.B, + B,(...) + B,(...)]— 
— 5 {BBY + ByBl,— 2B1.B.Ba] + Boslk)0,[BxBa0+ 

+ ByBeaC:— By(BeaC, + BeC,) | + Bi...) + B,(...)}] + 

+ iw [oT + By(...) + B,(...)] ae {[B.aBî + ByBi, — 2By-BeaBa] + 


a5 Bva(k) Cc. [ Baa Bel, + BaBeaC,— Ba.( Beals + BeoC,) | ca Boos) By(..)}} dà 


where the ©, k-independent functions B;, C; have been tabulated in the Ap- 
pendix. Recall that the [N, H] = 0 condition has been built into the structure 
of (5.4) provided (5.3a) obtains. Using (5.3a), we may easily verify that 
(5.10) Bi 0: (NF Ey =O 

This condition, although to the lowest order in w/I" it generates a pole at 
è = 0, is not sufficient to produce sound propagation. 

If we impose the two conditions (5.34) and (5.30), we find 
(5.11) By, = B, =0; (N, 1) =P, Ale. 


Using this result in (5.9), we find after some manipulation that to the lowest 
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order in ©//" there exists a (Newton) sound resonance at © = + ©y: 


Be [> |VelbRi ft NI VelmfA Ad fat], 
(5.124) Dw + ie; ky ="B TS HRY EATS (AZ PRI + ie) — oF] 


(5.125) = 


[E Ve |P 'fA+N{[X Vel Ri eft f+ Bo MZ 1ENTE A: [Ve |fAtA IT} 
[SRR + AILS A + AR] 


Taking into account the next order term in w/I one finds that the resonance 
half-width is on the order of k?(|Ve|/I’),,.. This is in fact a typical result: 
the frequency © depends linearly upon k; the half-width depends upon the 
square of k and the inverse of the « single-particle » width ['(k,). Observing that 


(5.13) yk [Velf1 + =; Sie), 
a i i; 


we may reduce (5.12) in the long-wavelength (k + 0) low-density (exp [— «] > 0; 
R, independent of k,) limit to 


- GRETA Ti 26 1 ki\ , || 1, 
(5.14a) PDiwtie; k)= “pe? ui (08X1) 3 572 (E) [(w+ie)?— wo |~ 


mi EE, [aly esa EY 


Except for the «spurious » last factor in w, and except for the fact that the 
isothermal compressibility appears in place of the isentropic function, this 
result is precisely (2.9). The spurious factor results from the fact that in 
(2.5) we admitted a general ¢); it reduces to unity when ex, = kyj2m. On 
the other hand the presence of the isothermal compressibility is a serious 
flaw. Before proceeding to rectify this error, we note that the present results 
are in agreement with the observations of equations (2.9) through (2.11) with 
respect to the existence of a single resonance. Moreover, provided one recog- 
nizes that to the first order in v 


(5.15) (Ny = [1+ Bo(0) Sf DF, 


it is easy to verify that the expressions (5.14) are quantitatively self con- 
sistent. 

The incorrect Newton resonance of the preceding paragraph was obtained 
by utilizing the conditions (5.3a) and (5.3b). If in addition we include the 
energy conservation condition (5.3c), we shall obtain the correct Laplace 
result. Specifically, imposing the three conditions (5.3), we find 


(5.160 B= By=B,,=By=By=—B,=0; [N, H]=[P,H]=[H,H}=0. 
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Passing immediately to the long-wavelength low-density limit, we obtain 
in much the same way as before 


È Aes OS ot te (28 (ki\|>. ee 
(5.17b) Dw + ie; bea tees eg |B Galt [(w+ie)?— Oi], 


te ae Lape to > fe 
Gira, gi 


{EL 2000 ZIE RAP 1) 20 12) A 
Sl o) 


\ (e €)*[1 + 280,(0) > f] 3 \2m 
where al 
X = [D Hel) Xe) > fe] 
and 
(5.18) pe Oa DO 2 


(e — €)*[1 + 260,(0) > f] 


Expression (5.17) is easily recognized as the expected result. The ratio (5.18) 
may be easily verified for the limiting case v + 0. In (5.17a) we have retained 
the trivial ratio (0 + te)/(m + ie) to emphasize that in a certain qualitative 
sense there exists at this stage in the calculation a mechanism whereby the 
constant ¢ of (2.10) may be different from zero. This constant, which arises 
from a branch line in the neighborhood of © = 0, could be determined directly 
from the integral | do(exp [Bw] —1)-'A(), if one were to retain in a calcu- 
lation of the above type higher-order terms in the expansion (5.6). 

By including such higher-order terms in ©//", we would also find as before 
that there exists for the sound resonance a finite half-width on the order of 
k*(|Ve|/I°),,.. The «average» associated with this expression has an exceed- 
ingly complex structure which depends to a limited extent upon the terms 
of the expansion (5.2) which were neglected in (5.7). This last assertion may 
be easily verified if one repeats the calculation of this work, retaining several 
additional terms of the expansion (5.2) beyond (5.7). In much the same way, 
one may verify that the k-dependence of K,,(), and K,,( ), first appears in 
the neglected damping terms. 

It is clear from these results that, provided the ratio k(|Ve|/I’),,, is suffi- 
ciently small, a dilute weakly interacting M-B gas will display a sound reso- 
nance at the frequency predicted by classical arguments. This resonance has 
its origin in the single-particle damping collisions and depends upon the con- 
servation laws satisfied by such collisions. The shift from isothermal to isen- 
tropic compressibility induced by energy conservation is particularly note- 
worthy. As the wave number & increases or the effective interaction strength 
as measured by /' decreases, the ratio k(|Ve|/I’),,, will gradually become non- 
negligible. In that case the sound propagation properties will become altered. 
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By considering increasingly higher-order terms of the expansion (5.6), one 
can compute those changes in propagation characteristics by the method 


outlined above. 
KK OK 
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APPENDIX 


In this appendix we have tabulated the various functions {B, C} mentioned 


| n Sect. 5 and have indicated the explicit form of the matrix [M]. To simplify 


the presentation, we have suppressed co-ordinate indices. Except for the 
vector magnitude k and the frequency © + ie (represented simply as @), all 


| functions are implicitly functions of k,é,, the indices over which the indicated 


summation extends. 


B, “a By, By Ja Bi; 
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CONTENTS — 1. Introduction. - I. Evidence of a dislocation relaxation. — 
2. Experimental results. — 3. Theory of dislocation motion. — II. Funda- 
mental parameters of dislocation relaxation and influence of different 
treatments. — 4. Activation energy and characteristic frequency. — 5. Relax- 
ation spectrum. - 6. Frequency relaxation. - 7. Subsidiary dissipation 
peak. — 8. Influence of anneal, cold-work, impurities, strain-amplitude 
and neutron irradiation. — 9. Relaxation peak in alloys. — 10. Conclusions. 


List OF SYMBOLS 


b Burger’s vector of a dislocation, taken as the distance between closest rows of 
atoms. 
e Velocity of elastic waves; €,, ¢;,¢,, values for extensional, transversal and longi- 
tudinal waves; also a constant. 
d Logarithmic decrement. 
| Logarithmic constant = 2.718... . 
f Vibration frequency at the temperature 7 ;/m, value at the temperature 7, 


of maximum energy dissipation; fo, relaxed value of frequency at fhe tempera- 
| ture 7; fm,o, limiting value of fm at very high temperatures. 

Planck’s constant. 

Dislocation lenght. 

Boltzmann constant. 

Linear density of a dislocation. 

Time. 


HS: St SS 


(*) Invited paper at the Seminar on « Resonance and Relaxation in Metals» of 
the American Society for Metals, Chicago, Ill., November 1959. Published by the permis- 
sion of the A.S.M. 


741 


44 P. G. BORDONI 
w Lenght of a kinked segment of a dislocation. 
x Axis parallel to the dislocation line. 
y Axis normal to the dislocation line. 


E Energy per unit lenght which opposes the motion of a dislocation; H,, constant 
term in the series expansion of E(y). 

F, Function of the ratio (H,,/2H,) considered in Donth’s theory. 

H Computed value of the activation energy; Hy,Hy, Hs, values given by Mason, 
Weertman, Seeger’s formulae; H,, energy of a single kink; Ha, critical energy 
for a couple of kinks. 

M Elastic modulus; M,, M,, relaxed and unrelaxed values. 

N, Volume density of dislocations. 

a) Coefficient of resonance (quality factor) of a solid. Usually the inverse value Q-* 
is taken as a measure of energy dissipation; Q,,7, value of Q-! at the peak. 

S Total relaxation strenght; S,, 8), values for extensional and longitudinal vibrations. 

Si Absolute temperature; 7',, temperature of maximum energy dissipation. 

U Vibration energy. 

W. Experimental value of the activation energy for the relaxation effect; W', value 
for the Niblett and’ Wilks peak; W, central value of a spectrum of activation 
energies. 

Y Attenuation function for a single relaxation time; Y,, Y,, values computed for 
the centers of a time- or of an energy-spectrum. 


x Attenuation coefficient of vibration amplitude with space. 

B Temperature coefficient of frequency = — 0 log f/oT. 

y Parameter characterizing the width of a Fuoss-Kirkwood spectrum. 

ò(t) Density of relaxation strenght in a dislocation spectrum; 6,, maximum value 
of d(t). 


A Increment of some physical quantity; AU, increment of vibration energy; 
AW, increment of activation energy. 

€ Strain; ¢., €,,, elastic and anelastic components. 

n Parameter characterizing the width of a rectangular spectrum = +log7,/t1: 

d Debye’s temperature. 

A Wavelenght. 

“ Second Lamé’s constant. 1 

v Computed frequency of dislocation motion; »), limiting value of v at very high 

temperatures. , 

Volume density of a solid. 

Stress; cp, Feierls’ stress when thermal and quantum mechanical fluctuations 

are disregarded. 

T Characteristic time of a relaxation effect, at the temperature 7; 1), limiting 
value of 7 at very high temperatures; 7 central value of a relaxation spectrum; 
T,; Tg, Values at which the density 6(t) is 1/V2 of its maximum value dy; 
t, limiting value of 7 at very high temperatures. 


Qo 


po 


+ — Introduction. 


The first experimental evidence of a relaxation effect due to the dislocations 
was found a few years ago in some low-temperature measurements of the 
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dissipation of elastic energy in lead, copper, aluminium and silver [A-1] (*) 
An exhaustive investigation of the effect in copper employing both polyerys- 
talline specimens and single crystals, was successively made by NIBLETT 
and ‘Winks [A-4, A-8], by CASWELL [A-11] by Pars [A-13] by THOMPSON, 
GLASS and Hotmss [A-14, A-17], by Nuovo, VERDINI and the A. [A-15, A-16]. 
Measurements were also made on aluminium, by HUTCHINSON, Hurron and 
Frommer [A-5,. A-6, A-12] and by ErnsPRUcH and TRUELL [A-9]; on lead by 
BormmEL and Mason [A-2, A-7]. The same effect was recently found in 
gold, palladium and platinum by Nuovo, VERDINI and the A. [A-18], and 
\ in gold-silver alloys by the same AA. and Barpucct [A-19]. 

The first attempt to give a theorethical model for the dislocation motions 
to which the effect is related, was made by MASON [B-2, B- 4] assuming that 
a dislocation line between two pinning points could Da removed from its 
potential well, and that the stresses due to the elastic waves would make 
the potential well asymmetrical, giving rise to a macroscopic anelastic strain 
and producing a relaxation effect. This modellays perhaps too much emphasis 
on the effect of impurity content, and was discussed by WEERTMAN [B-3, B-5] 
- and by SEEGER [B-8], who suggested that the dislocations may be confined 
to certain crystallographic directions by the Peierls’ stress, and may form 
pair of kinks, under the combined action of the thermal fluctuations and of 
the applied stress. The energy required by the formation of a kink pair is 
an intrinsic property of dislocations, and this removes the main difficulty 
of MAson’s model. The computation of the fundamental parameters associated 
with the relaxation effect has been successively improved by SEEGER, DoNTH 
and Prarr [B-9, B-10], who have shown that the relation between the relax- 
ation frequency and the temperature does not require any special hypothesis, 
but is derived from the theory of stochastic processes. 

The present review of the actual knowledge on dislocation relaxation is 
divided in two parts. In the first the experimental evidence of a ther- 
mally activated relaxation effect due to the dislocations is discussed, together 
with the theoretical explanations which have been proposed for this effect. 

In the second part, all the basic parameters associated with the effect are 
considered in detail, and their experimental values are compared with those 
given by the theory. The influence of thermal and mechanical treatments, of 
impurity content, of high energy irradiation and of strain amplitude are also 
examined from a quantitative standpoint. Unsolved or unexplored sides of 
dislocation relaxation are brought to view by this analysis and hints are 
derived for future investigation. 


(1) The Section A of the bibliography lists the esperimental contributions; the 
theoretical papers are collected in Section B. 
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Part I. — Evidence of a dislocation relaxation. 


2. — Experimental results. 


When the dissipation coefficient Q-! is measured as a function of the 
temperature for a resonant specimen of a f.c.c. metal (?) a peak is generally 
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Fig. 1. - Relaxation peak in commercial and chemically pure polycrystalline lead: 
vibration frequency ~ 10 kHz[A-1]. 


(2) The anelastic behaviour of a solid may be evaluated by dinamic measurements. 
either on standing waves or on travelling waves. The coefficient Q-1 obtained in the 
first case is proportional to the ratio of the energy AU dissipated in half a cycle 
to the stored energy U 


Qui = mais 


U 
The coefficient Q~* gives also the tangent of the phase angle between a sinusoidal 
stress and the corresponding strain. 
Experiments on travelling waves of wave lenght A give the attenuation coefficient « 
which measures the decrease of vibration amplitude with space. Both types of meas- 


urements are equivalent, as far as the anelastic behaviour of solids is concerned, the. 
parameters Q~* and « being related by the equation 


Q-* = adn. 


The largest number of data on dislocation relaxation has been obtained by meas- 
urements on resonant systems: hence Q~* will be taken in the following as a measure. 
of the anelastic behaviour. ‘ 
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found in the experimental curve at a temperature which is considerably lower 
than the room temperature when the vibration frequency is in the acoustic or 
ultrasonic range. The temperature 7',, and the height of the peak 9; may differ 
considerably from one met- 
al to another, even when 
the vibration frequencies 
have almost the same val- 
ue. For instance in lead 
and copper for a vibration 
frequency near to 10 kHz 
the temperature T,, has 
the value 35 °K for the 
first, and 82 °K for the 
second (Figs. 1, 2). The 
difference between the 
values of Q;* for the same 
metals is even larger, 
as the height of the peak È tq 7 so to 130 150 170 ‘190 
is about 7-10-5 for the Temperature (°K ) 

former, whilst it exceeds Fig. 2. - Relaxation peak in technically pure polyerys- 
400-10-> for the latter. talline copper: vibration frequency ~ 10 kHz[A-16]. 
Differences of the same 

order are found between the attenuation peak observed in aluminium (Fig. 3) 
for a vibration frequency near 40 kHz and the peaks of silver, gold, palladium 
and platinum (Fig. 4). 

A common characteristic of 
all the above peaks is that 
they are a very stable feature 
of the low temperature 
dissipation measurements, no 
appreciable differences being 
found between measurements 
in successive runs. Moreover 
the temperature 7',, correspond- 
ing to each vibration fre- 
quency has a characteristic 
value for each metal, which is 
0 100 200 300 little or not affected by thermal 

Temperature(°K) and mechanical treatments, by 


Fig. 3. — Relaxation peak in chemically pure ap UE. pontona, by high 
polyerystalline aluminium (99.9%): vibration fre-  ©MeIBY irradiation and by vi- 
quency ~ 40 kHz [A-1]. bration amplitude, as it will 
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Fig. 4. — Relaxation peak in poly- 
crystalline specimens of chemically 
pure silver (99.80%), f = 50 kHz; 
gold (99.88%), f= 16kzH; palladium 
(99.91%), f ~88kHz; platinum 
(99.89%), f= 112 KHz [A-18]. 


be shown later. It must also be 
noticed that for copper, silver and 
gold the peaks are very high, Q7* 
being many times larger than the 
energy dissipation measured at 
room temperature. 

From the first experiments on 
lead it was evident that when 


measurements are made’ at different frequencies, the temperature of. the dis- 


sipation peak increases with frequency (Fig. 5). 


This result was confirmed 


by BOEMMEL’s measurements on the same material [A-2] and by all the 
measurements made on the other metals in which the effect has been found, 
as it is clearly shown by Fig. 6 in which are collected the experimental 
curves obtained for copper in a wide frequency range (1.8kHz— 6.4 MHz). 


The measurements are accurate 
enough to show that the logarithm 
of the vibration frequency fn is 
proportional to the inverse temper- 
ature of the peak 7’, 


(1) 


G 
In fn = — DE 


Musto 
where ¢, and ¢, are two positive 
constants. 

As it was pointed out by MASON 
[A-2, A-4] this frequency dependence 
of the temperature of maximum 
dissipation indicates a thermally 


Fig. 5. — Frequency dependence of 

the temperature of maximum dissipa- 

tion in chemically pure polycrystalline 

lead: frequency of the first harmonie 
= 10 kHz[A-1]}. 
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activated relaxation effect, associated with a characteristic time t which de- 
pends upon the temperature according to an Arrhenius equation 


W 
(2) MACK] a): 


where W is the activation energy and 7, gives the limiting value of the charac- 
teristic time at very high temperatures. This hypothesis explains not only 


500;10° 
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Fig. 6. Frequency dependence of the temperature of maximum dissipation in technically 
pure polycrystalline copper. Curve A, frequency 1.8kHz; B, 13 kHz; \O; 45 kHz; 
D, 550 kHz; E, 2.7 MHz; F, 6.4 MHz [A-16]. 


the observed dependence of Q° upon frequency and temperature, but also 
the temperature dependence of the resonant frequency. 

In fact the theory of relaxation effects shows that the energy dissipation 
Ren upon 7 and Di through the product I t according to the equation 


in) 


(3) Q-! = Q,,) sech [In (22fr)] = Q;,' sech 


In mn (2afe exp 
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The dissipation reaches its maximum value when 2xfr =1. Then for a given ~ 
vibration frequency /,, the corresponding temperature 7, of the peak ‘88 
obtained multiplying (2) .by 2zf,,, putting 7, instead of T and equating to 
unity 


ig 


(4) lt in = cD, 


— In (2z7,). 


Equation (4) is the same as the experimental relation (1), provided the proper 
values are taken for the activation energy 
and the limiting time 


Won 
(5) 


to = (22)-1 exp [— 6]. 


a) 


Frequency 


The relaxation theory predicts also 
that the resonant frequency of a given 


b) 
a 
prea OI I vibration mode of the specimen must 
o change with temperature according to the 
È relation 
Î ree fo 
6) — = 
Sa 
c) = f 


Re 
> + tgh (mn 2rft, exp Ra) 3 


where f, is the relaxed value of the res- 
onant frequency. Equation (6) does not ac- 
Fig. 7. - a) Temperature dependence count for the monotonic frequency changes 
of frequency due to thermal dilata- que to the effect of thermal expansion on 
tion. bh) Temperature dependence of : È ; 
eaueney tor I a the size of the specimen and on the elastic 
relaxation effect. e) Temperature de- moduli. When the latter variation is added 
pendence of dissipation for a ther- tothatrepresented by (6), an inflexion point 
mally activated relaxation effect. must be found in thefrequency-temperature — 
curve at a temperature very near to 7, 
as it may be seen by Fig. 7, adding the values of frequency given by the 
curves a) and bd). 
In accordance with the theory, the experimental frequency-temperature 
curves exhibit an inflexion point corresponding to the temperature of max- 
imum damping. As it is required by (6) the inflexion is more pronounced 


Temperature 
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in those metals which have a larger value of Q;,", as it is the case with 
copper (Fig. 8). 


A f Cu 
400H0° —Sx, Î 5100 
Exe Tel Hz 
a 
[15000 
300 N | i 
ou; f 
? SI 4900 
| “ 
bi 200 x 
: “ur 14800 
| SS 
o = 
| 100 Tes 
| 414700 
0 14600 
(0) 40 80 120 160 
Temperature (°K) 
Fig. 8. — Inflexion point in the frequency-temperature curve at the temperature of 


maximum dissipation for technically pure polycrystalline copper | A-16]. 
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Fig. 9.- Inflexion point in the frequen- Fig. 10. — Inflexion point in the frequen- 

cy-temperature curve at the temperature cy-temperature curve at the temperature 

of maximum dissipation for chemically of maximum dissipation for chemically 

pure (99.88%) polycrystalline gold [ A-20]. pure(99.80%) polyerystallinesilver[A-20]. 
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‘The inflexion is clearly seen also in gold (Fig. 9) and in silver (Fig. 10). 
notwithstanding the limited temperature range covered by the experimental 
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Fig. 11. - Reduction of the relaxation peak due to anneal; influence of a 2-hours 
treatment at 175°C on commercial polycrystalline copper: vibration frequency 
= 30 kHz [A-1]. 


data. In palladium and platinum, whose dissipation peaks are smaller and 
flatter (Fig. 4) the inflexion is less evident, whilst in lead and silver the 
peaks are so small (Figs. 1, 3) that the measurements are not accurate enough 
to show a frequency relaxation which does not exceed 10-4. 
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Fig. 12. — Dependence of he height of the relaxation peak upon the annealing temper- 

ature in high purity (99.999%) oxygen-free polycrystalline copper. Curve A, after 

straining 8.4%; B, after 1 h anneal at 180 °C; C, after 1 h anneal at 350 °C; vibration 
frequency ~ 1 kHz[A-8]. 
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To conclude the general discussion of the experimental results, it must 


be shown that the relaxation effect is due to the dislocations. To this purpose 
the influence of thermal and mechanical treatments must be considered 
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Fig. 13. — Dependence of the height of the relaxation peak upon the annealing temper- 

ature in chemically pure (99.80%) polycrystalline silver. Curve A, before anneal; B, 

after a 4-hours treatment at 175 °C; O, after an additional 5-hours treatment at 225 °C; 
vibration frequency ~ 56 kHz [A-20] 


together with the measurements which have been made on single crystals. 
It has been found that any treatment which reduces the number of disloca- 
tions, such as anneal, decreases the height of the peak, as it shown in 
Fig. 11 for a not very pure 
copper specimen. The 17800 
reduction of Q_! depends 
upon the annealing tem- 
| perature: if this temper- 17700 
ature is high enough, the 
peak may be cancelled, 
as it is shown by Figs. 12 
and 13 for copper and 
silver. The effect of 
anneal can be followed 
: through the time-changes 
of frequency at constant 
I temperature when the 
|. final temperature of the da nr > 3 3 
treatment has been reach- Hours 
: ed (Fig. 14). The in- Fig. 14. — Influence of anneal on polycrystalline silver 


crease of frequency shows (99.80%). Increase of the resonant frequency with time 
a corresponding decrease at the constant temperature of 225 °C [A-20]. 
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Fig. 15. — Linear dependence of the resonant. 

frequency upon temperature in polycrystal- 

KHZ line silver (99.80%), after a 5 hours anneal 
at 225 °C [A-20]. 
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56.4 


of the number of dislocations active 
559 in the relaxation process, and explains 
the reduction found in the low-temper- 
ature peak. After a complete anneal, 
554 when the peak has been cancelled, the 
frequency-temperature curve no longer 
exhibits any trace of the inflection 
due to the relaxation effect (fig. 15). 
On the other hand, any treatment 
which increases the number of disloca- 
n tions, such as cold work, increases 
lo) 100 200 300 also the height of the peak, when this 
3 : Temperature(*K ) is already present (Fig. 16), or reintro- 
duces it, if the material has previously 
undergone a complete anneal (Figs. 17, 18). It may be added that the anneal- 
ing temperature required to cancel the peak is considerably higher than room 
Di temperature, for all metals in 

which the effect has been found. 250 10° 
As it was pointed out by SEEGER 
[B-8], this excludes that the re- 
laxation can be due to the re-o- 
rientation of divacancies or similar 
defects created by the plastic 
deformation which anneal out 
rapidly at room temperature, 
and suggests that the peaks are 
produced by the motion of dislo- 
cation segments. 100 
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Fig. 16. — Increase of the height 
of the peak with the amount of 
cold work in polycrystalline silver 
(99.80%). Curve A, after a moderate 
cold rolling; curve .B, after a further 
cold rolling to 3 of previous thickness; -5 
vibration frequency ~ 56 kHz [A-201. 
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All the previous measurements were made on polycrystalline specimens. 
However the grain structure cannot be responsible for the dissipation peaks, 
owing to their low temperature. The experimental proof of this has been 
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Fig. 17. — Increaso of the height of the relaxation peak with the amount of cold work 
in polyerystalline copper (99.97%). Curve A, strained 0.17%; B, strained 5.5%; 
vibration frequency ~ 0.4 kHz[A-8]. 


obtained by the A. [A-1] by CAsweLL [A-11] and by PARÉ[A-13] who have 
found the dissipation peak in copper single crystals. Within the limits of 
experimental accuracy, the temperature 7,, corresponding to a given fre- 
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Fig. 18. — Increase of the height of the relaxation peak with the amount of cold work 
in polyerystalline silver (99.80%). Curve A, after a 5 hours anneal at 225 SU 
B, after 2.7%, permanent strain; vibration frequency = 56 kHz [A-20]. 


quency fn is the same for polycrystalline specimens and single crystals and 
the effect of annealing treatments and cold work is also qualitatively the 


same for both types of materials (Fig. 19). This shows that the cause of the 
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dissipation maximum must be directly related to the geometrical imperfec- È 
tions of the crystal lattice and not to the grain structure. 
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Fig. 19. — Relaxation peak in copper single crystals (99.999%) for various amounts 
of cold work. Vibration frequency ~ 40 kKHz[A-11]. 


3. — Theory of dislocation motion. 


In order to explain how the dislocations can give rise to a thermally activ- 
ated relaxation effect, some model must be found for their motion under 
the combined action of thermal fluctuations and mechanical stress. The 
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Fig. 20. — Mechanism for the dislocation motion according to Mason [B-2, B-4]. 


next step is to relate the motion of all the dislocations with the forma- 
tion of an anelastic strain. The formal theory of relaxation can be succes- 
sively applied to this strain to find the frequency- and temperature-dependence 
of the energy dissipation. 


In the model proposed by MAson [B-2, B-4] a dislocation line is pinned 


x 
to 
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at points A, B by impurity atoms (Fig. 20a). The lowest-energy position 
corresponds to a straight segment, but other equilibrium positions may exist 
of somewhat higher energy, in which the dislocation is kinked (Fig. 20b). 
The central part of the dislocation is then displaced in the glide plane of an 
amount 6, equal to the distance between closest lines of atoms in the same 
plane. Owing to the Peierls’ stress, a dislocation must overcome a potential 
barrier H to go into the nearest equilibrium position (Fig. 20c). To compute 
this barrier, MASON assumed that the whole dislocation segment between 
the pinning points moves together. If the x axis is taken parallel to the dislo- 
cation line, and y normal to it, the potential per unit lenght E(y) which 
opposes the motion of a dislocation may be represented between y = — b/2 and 
y = + b/2, by 

2a) 


0 9 
0505 2, 
2 608 


(7) By) = Ey — cos, 


where of = 1/b(@H/0y),.., is the Peierls’ stress required to force the dislo- 
cation through the steepest part of the potential, when thermal and quantum 
mechanical fluctuations are disregarded. Neglecting the changes in dislo- 
cation lenght, the height H,, of the potential barrier for this model, which 
is given by the maximum value of l-[H(y) — E(0)], that is 


0°? 
(8) i ina 
A 


is proportional to the dislocation lenght /. This would lead to a strong depend- 
ence of the temperature of the peak on the parameters which control l, that. 
is the dislocation density 
and the impurity content. 
As no such dependence is 
observed experimentally, 
some modification must be 
introduced in MAson’s mod- a 
el, considering types of l 
dislocation motions not con- fi 
trolled by the dislocation 
lenght 1. 

As it has been pointed 
out by WEERTMAN [B-5] it (a) (0) (c) 


RIC), el for the Fig. 21. — Mechanism for the dislocation motion 
whole dislocation segment to according to WEERTMAN [B-3, B-5] and to SEEGER 
move at once in going from [B-8, B-10]. 
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one equilibrium position to another. A small kinked segment of lenght l'< 
may move over the potential barrier, a lower limit for /" being given by the 
lenght 2w of a kink pair (Fig. 21). Taking MAsons’s estimate for w 


ERA. 
(9) w= bd (4) 9 


D/ 


and inserting 2w in equation (8) in the place of /, an approximate value is 
found for the energy H,, required by the formation of a kink pair 


2 si 
(10) Hy = — pub? (È) ; 


where 4 = shear modulus. 

According to equation (10), the formation of a kink pair has an « intrinsic » 
character, its energy being independent of the particular lenght of dislo- 
cation lines and of their interaction with impurity atoms. Hence this model 
is better suited to explain the relaxation effect then the «rigid motion » 
model associated with the energy (8). However the derivation of (10) is some- 
what lacking in mathematical rigour, as the maximum value of potential (7) 
is applied to a kinked line which is not parallel to the direction of maximum 
energy; moreover the approximate value (9) is taken as the lenght of a kink, 
and the changes in dislocation lenght are neglected. 

A more satisfactory computation of the energy associated with the for- 
mation of kinks has been given by SEEGER, [B-8]. The starting point is the 
differential equation for the shape of an unpinned dislocation line, whose 
minimum energy position is parallel to the x axis 


OP ye LER) Seer ah 


where o = resolved shear stress in the glide system; m = density per unit 
lenght. The periodic potential per unit lenght H(y) may be represented by (7) 
for any value of y, a further refinement in the representation of E(y) being 
not significant in the present state of theory (*). As ofb?/2a < E, the latter 
value will be substituted to H(y) on the left side of (11). Then in the static 
case, with no external stresses (o = 0) the equation becomes 

CRC AU 
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(*) All the potential minima have now the same value, the dislocation being 
unpinned. The period has been taken equal to bd. 
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A solution of (12) representing a single kink of amplitude in the positive 
direction of the y axis is given by 
6 Gaile 
E, } | 


The displacement y tends asymptotically to zero when x tends to — vo and 
to b when « tend to +oo. Comparing (13) with the estimate (9) for the 
kink width w, it is found that the latter corresponds to a dislocation displace- 
ment differing by less then 0.040 from its final value (4). 

A straight dislocation line lying along one of the lines y= nb (n=0, 1, 2,3 ...) 
has the energy E, per unit lenght. When the line is no longer straight, the 
energy is increased owing to the contemporary change in lenght and to the 
presence of the sinusoidal term in equation (7). If the angles made by the 
dislocation with the a-axis are small, the first part of the energy increase 
is proportional to (dy/da)? while the second part is proportional to (1 — cos 2ay/b) 
The energy H, of a single kink may then be computed inserting (13) into 


(13) va] = ab tert pas 
‘ x © | 


| the expression 


+o 
fiano 2a} a 
(14) PD | a Er (1 cos 7 ) de. 
This gives for H, (°) 
94/9 CRANE 
15 VE RESI Wey EA lA le 
(15) i zV Ba (È) 


To compute the energy H, associated with the formation of a kink pair 
SEEGER assumes that the energies of two half-kinks corresponding to a displace- 
ment y = b/2, add approximately to the energy H, of one complete kink, 
which is given by (15). This amounts to say that the position of maximum 
energy through which a dislocation segment has to pass when forming a pair 
of kinks is approximately reached when the central part of the kink pair is 
on the crest of the potential barrier, midway between two equilibrium posi- 
tions. Moreover there is an attractive force between the kink pairs, which 
is particularly strong for small separations d of the kinks. This force is due 
to the fact the total lenght of the kinked dislocation diminishes if the kinks 
come together by sideways motion, and eventually annihilate each other. 
An opposite action is exerted by the applied shear stress; if o is the resolved 


(*) It must be remembered that 0862/27 < Ky. 
(°) Following SrEGER[B-8] the value jb?/5 is taken for Ey. 
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value in the glide system, it exerts a force o-b per unit lenght of the disloca- 
tion which tends to increase the slipped area in the glide plane on one side 
of the dislocation line. For every value of the applied stress, there is a 
critical separation d,, corresponding to an unstable equilibrium of the kink 
pair under the combined action of the applied stress and of the mutual 
attraction. The energy associated with the attraction computed for d= d,, 
must be added to H, to obtain the total energy barrier H, which opposes 
the formation of a kink pair. An approximate computation of d,, gives for 
the total energy [B-8] 


(16) HH; Si ae È In eal 


| 


A basic difference between the above equation and the expressions (8) and 
(10) is that the energy barrier given by (16) depends upon the applied stress. 
However o enters the energy H, only in a logarithmic term, and the strain 
value for most of the measurements is from 10-58 to 10-5. The ratio o/u is 
of the same order as the strain, while the ratio c;/u associated with relaxation 
measurements is generally found to be near 5-10-*. The value of the last 
term in (16) is from 2.0 to 3.0 and a value 2.5 may be taken as a satis- 
factory average for most experimental conditions [B-11]. This gives for H, 


2 o°\? 
(17) He =3.0H, = 1.25-— yb? (2) | 
7 


which differs only by the factor 1.25 from the value (10) given by WEERTMAN (°). 
It may be observed that H, tends to infinity when the applied stress tends 
to zero. This does not mean that kink pairs are not formed when there is 
no applied stress, but that they annihilate very soon after their formation. 

To compute the frequency v of formation of kink pairs as a function of the 
absolute temperature 7 is a rather difficult problem. All the above theories 
avoid this difficulty assuming that » may be represented by an Arrhenius 


equation. 
pn 
wD? 


where H is the energy of the potential barrier opposing the dislocation motion 
given by (8), (10) or (17) according to the model considered and to the anal- 


(18) v = Vy exp 


(°) In Mason’s treatment of Seeger’s theory the factor 1.25 of eq. (17) is replaced 
by 2.0 as he takes the value ,:b?/2 for E, instead of 02/5 as it is done by SEEGER; 
see [B-11], p. 270, eq. (9.61). 
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ysis of its motion; » is the vibration frequency of a straigh rigid dislocation 
line, near its position of minimum energy. 

The value of » is immediately obtained for small oscillations (Y < b/2) 
from equation (11) putting 0°y/0x*—=0 and o=0, and substituting to the 
sinusoidal function its argument 


d? 
(19) m Di 4+ 27089 =0. 


\ Taking ob? for the linear density m, as suggested by ESHELBY (°) (o = volume 
density) and introducing the velocity ¢, = (w/o)? of shear waves (* 


e o0\} 
(20) Lay b SE) È 


. The frequency v given by (18) and (20) must be interpreted as the average 
number of kink pairs which are formed by a single dislocation in a time in- 
>terval much larger than ym 

When no applied stress is present, on the average the same number of 
kink pairs will be formed on both sides of a dislocation line in its glide 
plane. The average dislocation position coincides then with the straight 
equilibrium position of minimum energy, and no macroscopic strain is origi- 
nated. An applied shear stress, much smaller than Peierls’ stress, acting 
in the glide system of the dislocation, will cause the kinks to get further 
apart on one side, and nearer to each other on the opposite side, making 
their statistical distribution no longer symmetrical with respect to the dislo- 
eation line. The average position of the dislocation with respect to time is 
no more a straight line, but it is displaced towards the side in which the 
applied stress favors the production of kinks. A macroscopic strain is then 
produced by the asymmetry of the average dislocation motion. This strain 
is certainly not of an elastic type, as a finite time of the order of y is required 
by the dislocations to approach a new statistical distribution after a stress 
is suddenly applied. 

The above remarks are of a purely qualitative type. The anelastie character 
of the strain due to the dislocations could be established on a quantitative basis 
showing its linear dependence on the applied stress and its exponential depend- 
ence on time, after a stress is suddenly applied. Both properties are sum- 


(7) See J. D. EsHeLBY: Proc. Roy. Soc. London, A 197, 396 (1249). 

(8) SEEGER [B-8], p. 660 (17), takes (H,/m)* for c;. On the other hand he gives 
the estimate 02/5 for E. Then his expression for »w differs by a factor 4/5 from 
eq. (20). The latter coincides with Mason’s value [B-11], p. 271. 
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marized by a stress-strain relation of the type (°) 


(21) AO eae Si sw = î — exp 


i} for t>0, 


where e(t) is the total strain corresponding to a suddenly applied stress o; 
M is an elastic modulus; ¢,, e, are the elastic and anelastic fraction of the + 
strain. No attempt is made in SmEGER’s theory to derive equation (21) È 
from the analysis of the model of dislocation motion. Such an attempt could 
eventually be made considering the average dislocation motion and the aver- 
age equilibrium position under an applied stress. It is obvious that the 
formation of kink pairs is symmetrical with respect to such a position, owing 
to its average character. This means that the effect of applied stress which 
favors the production of kinks on one side is counteracted near the dislo- 
cations by a distribution of elastic stresses due to their average displacement; 
which must therefore be proportional to the applied stress. The exponential 
dependence upon time shown by (21) can also be explained observing that — 
the average dislocations motion towards a new equilibrium position, has an 
entirely statistical character, being controlled by the thermal fluctuations. 
The average motion is therefore irreversible, and the number of dislocations 
which in a given time make a given step towards the new equilibrium po- 
sition must necessarily be a fixed fraction of the total number of dislocations. 
which have not yet made the same step. Hence the strain-time relation is 
of an exponential type, as required by (21). 

Once a relation of the type (21) has been proved or adopted, the formal 
theory of thermally activated relaxation effects shows that the temperature 
dependence of the dissipation and of the resonant frequency is represented by 
equations (3) and (6), and the theoretical treatment of the effect is complete 
from a semiquantitative standpoint. A further analysis of the anelastie strain 
due to the dislocations motion is however needed to find a relation between 
the potential barrier H (given by equations (8), (10) and (17)) and the activ- 
ation energy W of equation (2). A similar relation is also needed between 
the relaxation time 7, considered in the same equation and the frequency wo 
of dislocation motion, computed according to (20). This analysis is replaced 
in SEEGER’s theory by the reasonable assumptions [B-8] 
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In Mason’s theory some of the above difficulties were avoided making use | 
of rate theory; a similar treatment has more recently been given by SEEGER, 


(9) See P. G. BorponI, Suppl. Nuovo Cimento, 7, 144 (1950). 
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DonTH and PrAFF [B-10] which do not assume the validity of the Arrhenius 
equation (18), but try to compute the energy exchanges between disloca- 
tions and lattice by means of the Kolmogoroff equation for diffusion processes. 

The model for dislocation motion is the same that has been adopted by 
SEEGER, and the case of a suddenly applied stress is considered. As it has 
been already pointed out, when the energy of a pair of kinks exceeds a 
critical value, the two kinks are pulled apart by the applied stress. Owing © 
to the statistical character of the energy exchanges between dislocations and 
lattice, the behaviour of the formers can be represented by the diffusion of their 
representative points in energy space. It may be observed that the density 
of such points must vanish when their energy exceeds the critical value for 
the applied stress. The average time required by the dislocation to reach 
this critical energy H,, is the relaxation time. The estimation for the energy 


barrier 7, is 
4 [2 fe 3 no 
a Roa ata I E Soa 
2A IA ") 80° 


which is near to one half of the value given by (17). 
The relaxation time of equation (2) is then given by (1°) 


no 
80) 
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(23) HH; [ 
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(24) 


where F, is a function of the two variables (27,/k7) and (H°,/2H,). The nu- 
merical values of F, are given by DONTH in a graph. 
The maximum dissipation Q,," is also related to the volume density N, 


of dislocations of lenght l by the approximate relation 


BN, 
(25) Megs ae È 

From a qualitative standpoint it is quite remarkable that the temperature 
dependence of the relaxation time is not exponential, owing to the factor 
(K-T) in equation (24) and to the relation between F, and 27/kT which 
is not exactly linear. However for small stresses the ratio H7.,)2H, given 
by (23) is very near to unity. In this case the graph of the function 7, is 
represented with good accuracy by 


(26) Mei 


(19) The coefficient of the exponential in eq. (24) is larger by a factor 2.4 than the 
coefficient (27B)-! computed by means of the eq. (15) of the paper [A-16]. This dif- 
ference is due to a different estimate for E, and c,. 
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Moreover the variations of the function (k7)-! with temperature are small 
in comparison with those of the exponential term for all the temperatures of 
interest in the relaxation effect. If an intermediate temperature is chosen 
to compute the time factor in the right member of equation (24) (for instance 
T =100 °K), the temperature dependence of relaxation time given by the 
theory of SEEGER, DonTH and PFAFF can be represented with a satisfactory 
approximation by the simple equation 


16 bi oy EE 
— V/5an8-<e-100-k e RE | 


(27) t 


The above equation shows that from a numerical standpoint this theory differs 
very little from the simpler one formerly given by SEEGER. As far as the 
activation energy is concerned, the difference between the value 4H, taken 
in (27) and that 3.5 H, given by (17) is not physically significant, owing to the 
uncertainty in Peierls’ stress. The same happens with the relaxation times 


Tapup I. - Physical properties of some f.c.c. metals involved in the relaxation theories. 
cea = 
Metal | o (gem?) b (em) c (em 871) uw (dyn em) o> /m 
Te Se Sa PID SEA pie cita ee TA - 
| | 
| Copper | 8.96 2. 55° 1038 2.26 -165 4.6-101 4.2-i0-1 
| Silver 10.49 | 2.88 1.6 2.9 |. 8.0 
| Gold 19.3" | "2.88 Le 2.85 8.6 
| Palladium | 12.02 2.74 2.04 5.0 10.3 
| Platinum | 21.45 2.76 1.7 6.1 3.2 
| Aluminium | 2.70 2.85 3.08 2.64 | 5.0 


computed for the two theories: of course in this case the comparison must 
be made between the logarithms, owing to the exponential character of equa- 
tions (2) and (27). The values of the fundamental parameters required to 


compute t,* according to (20) and (22), are listed in Table I. In the same 


TaBLe II. — Comparison between the values of In tg! computed by means of the Seeger’s 
theory and of the Seeger, Donth and Pfaff’s theory. 


In tal o/ 
Metal cry 
Seeger theory S.D.P. theory difference 

Copper 26.84 25.97 3.3 
Silver 26.55 25.59 Oud 
Gold 26.44. 25.32 4.4 
Palladium 27.12 25.49 6.3 
Platinum 26.37 25.06 bal 
Aluminium ligt} 26.52 2.3 
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Table are also given the values of o;/w computed by means of (17) and (22), 
from the experimental value of W. 

As is shown by Table II, the differences between the logarithms of 77 
computed according to the Seeger’s theory and to the S.D.P. theory are quite 
small. It may be added that the deviations of the exact relation (24) from the 


1 


_ Arrhenius equation are too small to be detected with certainty even when the 


experiments are performed in a wide frequency range. From a numerical stand 
point the SEEGER’s theory and the diffusion theory are equivalent, the main 


_ advantage of the latter residing in the smaller number of hypotheses required 


‘4. — Activation energy and characteristic 10" 


| platinum. For all these metals no system- 


‘and in the possibility of evaluating the density of dislocations which give 


rise to the relaxation effect. 


Part II. — Fundamental parameters of dislocation relaxation and influence 
of different treatments. 


frequency. 
Al 
The validity of equation (4) may be 10° \ 
tested plotting the logarithm of frequency * Einspruch and Truell 
against the inverse 7,‘ of the temperature \\_» HulchinsonandFimer 


: 3 \ a Bordoni 
of the peak: the experimental points must x 


then lie on a straight line. The metals 
on which the dissipation peaks have been 
measured on specimens having the same 
purity and the same history, in a fre- 10 


queney range wide enough to make this a res 
control physically significant are alumin- vi i 
ium, copper, silver, gold, palladium and * 19 


atic deviation from a straight line has 
been found, the slight scattering of exper- 
imental points being of the same order 
of the experimental accuracy (Figs. 22, 


10 
Fig. 22. — Frequency dependence of the 
temperature of maximum dissipation in poly- 10" 
crystalline aluminium: activation energy O 00020004 0006 0008 0010 0012 
0.107 eV [A-9]. Tm (CK) 
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6.4 MHz) and to the fact that they were made not only on the same} 
material, but actually on the same sample. Fig. 23 shows that the | 
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Fig. 23. — Frequency dependence of the temperature of maximum dissipation in 


technically pure polycrystalline copper: activation energy 0.122 eV [A-15, A-16].— 


parameters t, and W have the same value for the flexural vibrations (lower 
frequencies) and for the longitudinal vibrations (higher frequencies), as 
the corresponding sets of experi- 
mental points lie on the same line. 
In fact for each type of vibrations 
the distance between the experi- 
mental points is large enough to 
show an eventual difference in the 
slope or position of the straight. 
lines drawn separately through the 
points belonging to each type of 
vibration. : 
When the logarithm of frequency 
is multiplied by k, as it is done in 


Fig. 24. — Frequency dependence of the 
temperature of maximum dissipation in 
silver, gold, palladium and platinum. 
Activation energies in eV: Ag, 0.124; 
Au, 0.158; Pd, 0.260; Pt, 0.192 [A-18]. 
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Figs. 23, 24 the slope of the line gives the activation energy. The values 


obtained in this way are listed in Table III, together with the correspond- 


TaBLe III. — Fundamental parameters of the relaxation effect. 


| Debye 
Ww TAN 2a n 2uc,W 
Metal frequency On| i 
(eV) ie (874) (8-1) | M4 
=! | o | a Rat LIV 
0.12 | | | 
Copper ce | 3.8 «104 67-1011 4.2-10-4 0.6 | 
< 0.124 | | 
Silver (40.005) | 40 45 | 6.0 0.04 | 
rea. : 1 Soe ~ il = SLI 
| | | 
0.158 | 
Gold Monon | 0.7 35 8.6 2.2 
i A Li a è “| a 
0.260 
Palladium odo 57 | 10.3 0.3. 
È | | 
x 0.192 
Platinum (0.006) i 0.06 47 3-2 23 
Pa 0.107 = | 
Aluminium PPS 0.13 82 5.0 24 


ing accuracy estimated from the scattering of experimental data. In the 
same Table are also given the values of 7;'/2x computed from the inter- 
cept of the straight lines of Figs. 22, 23, 24, with the frequency axis, accord- 
ing to equation (2) and to the relation 2af,7 =1. Hence 1, 3 = lim 27th my 
and t)*/2% = fm». For comparison purposes the frequency associated with 
the Debye temperature 3 has been computed for each metal from the equation 
v=kd/h, and is given in the next columm (1). 

It is quite remarkable that the values taken by W in different metals are 
nearer to each other than could possibly be expected. This seems to support 
the idea of WEERTMAN and SERGER, that the dislocation motion responsible 


for the effects, is associated with some intrinsic property of the dislocations, 


the differences between the potential barriers being small in crystals having 


(1) The Debye frequencies associated - with the different types of waves could be 
computed from the theory of specific heath of crystals, taking into account the Bril- 
louin correction for wave lenghts of the same order as the lattice constant. However 
the values given in Table III are accurate enough to be compared with 7; +/2z. 
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the same structure. This result shows the interest of extending the in- | 
vestigation to crystals with a different structure. 

The experimental value of 7; '/2 isin every case smaller than the Debye’s | 
value. This is quite reasonable as the latter frequency is the highest that can © 
be propagated in a periodic lattice. It must however be remembered that long ~ 
before the melting point is reached the dislocations responsible for the relax- | 
ation effect are no longer active, as it is proved by the experiments on anneal | 
(Figs. 11, 12, 13). To be physically significant the comparison ought to be © 
made taking the value of the relaxation time not for an infinite tempera- 
ture, but for the highest temperature that each metal can reach without 
cancelling the relaxation effect. To this purpose further experiments are — 
needed on the influence of anneal on metals of known impurity content. 

The ratio of the Peierls’ stress to the shear modulus can be computed ac- 
cording to SEEGER’s theory from equations (17), (22), and from the experimental 
values of W. The values obtained in this way (Table III) are all higher than 
those obtained in static experiments. The explanation which has been given 
for copper, in which this difference was first noticed, can be applied to all 
the metals having the same structure. It has been observed [B-8] that a_ 
great portion of the dislocations dont lie along close-packed directions. There- 
fore their effective Peierls’ stress which is observed in static experiments, is 
several orders of magnitude smaller than of. This explanation removes the 
objection made by WEERTMAN [B-5], that the formation of kink pairs cannot 
be responsible for the relaxation effect, as the values of of computed by 
means of (10) or (17) are too large. It was suggested [A-11, A-13, B-8] to 
test SEEGER’s theory using the values of o}/u given by Table III to compute 
the dislocation frequency vr by means of (20); this value could then be com- 
pared with that obtained experimentally for 7, 7/22. However the meaning of 
this comparison is not quite clear, as the preceeding theoretical discussion shows 
that the value of » given by (20) is probably of the same order as 7; */27, but 
does not necessarily coincide with it. A more significant test can be obtained 
eliminating of/w from (17) and (20), and observing that the expression ¢,H,/rb4 
is an invariant for all metals. If we make the reasonable assumption that 
the unknown ratio between » and 77!/2 has the same value for all the i 
metals having the same structure, the above expression must also be inva- 
riant when the experimental values of W and 7;!/2r are substituted to H, 
and ». The last column of Table III shows that this is not the case, and 
that the evaluation of the relaxation time is actually the less satisfactory 
part of the theories of dislocation motion. 

A further comparison has been made between the experimental data for 
copper and the theory of SEEGER, DonTH and PFAFF. A central point 
has been chosen on the line of Fig. 23, to compute the function F, and the 
ratio 2H,/kT for the two cases H,,/2H,=1 and H,,/2H,= 0.9. The frequency 
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of maximum attenuation has been evaluated as a function of the tem- 
perature by means of equation (24) and of the relation 2z7f,,7 =1. The com- 
parison between the average 
experimental line and the 254 
theoretical points is shown in 
Fig. 25. The agreement may 
be considered satisfactory: how- 
ever the theoretical points 
lie on a line somewhat steeper 
“than the experimental one. 
A slight correction of the val- 
ues taken by the function F, — 
seems therefore to be required € 
to obtain a better agreement = 
between theory and experiment. = 


f 


20 


05 
5. — Relaxation spectrum. 


If the relaxation effect 
were due to the sum of many 0 05 , 10 15 2.0-10° 
elementary effects with the 
same values for the activation Fig. 25. — Comparison between the experimental 
energy and relaxation time, data and the theory of Seeger, Donth and ea 
the experimental dissipation for technically pure pelpengetalino copper. Fuil 

circles, computed values for H.,/2H,=1; crosses, 
curves would coincide with computed values for H.,/2H;,=0.9. Heavy line, 
those computed by Zener for average of experimental data [A-16]. 
a single relaxation time (!°). 

From equations (3) and (4) the ratio of Q-! to its maximum value @,,° 
can be expressed in a way independent of the frequency of measurement, 
as a function of the variable W-4k7!-[7;} — T71) 


ara W 
Q ni = sech x 


i 
Dat ae sa \ 
where 7,, is the temperature of maximum dissipation for a given frequency. 
Taking for W the values given by Table III, the experimental ratio 
Q~*/Q;* has been compared with the curve (28). In every case the experi- 


(2) It must also be assumed that the ratio between the dislocation frequency and 
the parameter 7! which characterizes the relaxation of macroscopic anelastic strain 
is the same for all the dislocations. However this seems rather obvious from a physical 
standpoint. 
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mental lines are much broader than the theoretical curve for a single relax- 
ation time, as it is shown by Figs. 26, 27 for the typical cases of copper 
and gold. 
3 T Since the hypothesis 
= she ES aif of a single relate time 
go Ra N \ a a must be discarded, the 
I i di two simplest assumptions 
i \ o that can be made are: 
a vi | i | | pn È a) all the elemen- 
ca I n “ale tary relaxation effects are 
04 l \ + 2 associated with the same 
5 value of t but their 
ni x DO activation energies are 
ne e ; * è different; 


0.8 


b) all the elemen- 
-6 4 > 0 +2 4 +6 tary relaxation effects 

WATT ) have the same activation 
energy W !but the values 
for 7, are different. 


Fig: 26. — Values of 071/0% as a function of W-k-1- 
-(T,, — I~") tor polyerystalline copper. Open circles, 
experimental points; dotted line, Zener’s dissipation 


È : ‘ ; i Owing to the exponent- 
curve for a single relaxation time [A-16]. 


ial relation (2) between 7 
and W, a constant loga- 
rithmic density of relaxation times between 7, and 7, corresponds to a con- 
stant linear density for energies between the values (W—AW) and (W+ AW). 
As it has been shown [A-16], the value of Q- is given for an energy spec- 


10 = 
q' 0 7% 
= 2 \ Pe 
Sr bf Pea Au 
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Vig. 27. — Values of 9/0,’ as a function of W-k-1-(T;,1— T-) for polycrystalline 
gold. Full circles, open circles and crogses, experimental points; dotted line, Zener’s 
dissipation curve for a single relaxation time [A-18]. 
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trum with constant linear density by 


S 


AW 
D) (gia do 
(29) it | 


peel? tg~ bz sinh fra 


where S is the total relaxation strenght (M,— M,)/VM, Mx; M,, M, being 

the unrelaxed and relaxed values of elastic modulus; 2AW is the width of 
the energy spectrum of center W; Y,, is the attenuation function for a single 
relaxation time computed for the centre of the relaxation spectrum 


(30) | Yy = sech [In (2xft)] = sech [In (2xfr, exp WET). 


The dissipation given by (29) has been compared with the experimental 
results for copper, taking for W the value given by Table III and choosing 


0 50 100 150 200 
Temperature (°K) 


Fig. 28. - Comparison between experiment and theory for a relaxation spectrum 

with W variable and 7, constant. Curves A, 0, measurements on polyerystalline copper 

at 13kHz and 1MHz. Curves B, D: computed values. W and 7, are given by 
Table III; AW=0.019 eV [A-16]. 


AW in order to make the theoretical curve as near as possible to the exper- 
imental dissipation values measured at about 13 kHz. The same values 
of W and AW have been employed to compute the dissipation for the same 
material at a frequency of 1 MHz. Fig. 28 shows that for the high fre- 
queney vibrations the computed curve is much narrower than the experi- 
mental one, and therefore the hypothesis a) does not seems to agree with 
the experimental data. 

A more satisfactory result is obtained from the hypothesis b) of a con- 
stant logarithmic density of the values of 7,. This hypothesis corresponds 
to a constant logarithmic density of times for every temperature, and the 
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dissipation is given by [A-16] 


S > 
(31) Oe on tg? [Y, sinh 9], 
where S has the same meaning as in the previous equation; 7 = }1n t./t1, 
t and t, being the upper and lower limits of the times spectrum, and Y, 
is given by 


(32) Y, = sech [In (2zft)] = sech [In (2aft, exp [W/kT'))] . 


As it is shown by Fig. 29 it is possible to find a value of the parameter 7 
characterizing the band width (7 = 2.70) which makes the theorethical curves 
to agree fairly well with the experimental ones both at low and high frequency. 


10) = 
Cu 

0.8 : 

q 

wr 
0.6 = 
04 2 
0.2 

0 50 100 150 200 
Temperature (°K) 
Fig. 29. — Comparison between experiment and theory for a relaxation spectrum | 


with JW constant and zt) variable. Curves A and C are the same as in Fig. 28; 
curves B, D have been computed for 7=2.70 [A-16]. 


To complete the comparison between the hypotheses on the different types 
of spectra it may observed that in the case b) the ratio Q~‘/Q;,* depends. 
only upon the variable Wk-![T,! — 7 '], according to equation (31), as in 
the case of a single relaxation time. Hence when the experimental values — 
of Q~*/Q;* are plotted as a function of the above variable, the points corre- 
sponding to all the vibration frequencies must lie on the same curve as it 
happens with the experimental points of the Figs. 26, 27. On the other 
hand this property is characteristic of the time spectra with constant energy. 
In fact equation (29) shows that for an energy spectrum the dissipation de- 
pends not only upon W-%-![T;!— T-'] but also directly upon 7 and there- 
fore upon the frequency of measurement. It may be concluded that the 
elementary relaxation effects responsible for the dissipation peaks differ in 
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the value of 7, but have the same value of the activation energy. To explain 
this result some modification is required in the present theories of dislocation 
motion, as 7, must obviously depend from a parameter which does not affect. 
the value of the energy. 

It is not surprising that the agreement between equation (31) and the 
experimental data becomes poorer when the distance from the peak increases. 
In fact the lower values of dissipation are considerably affected by the shape 
of the relaxation spectrum, which is only roughly represented by a constant 
logarithmic density. Moreover the effect of other causes of dissipation, 
different from dislocation relaxation, is more severely felt when the dissipa- 
tion due to the latter cause is small. 

It has been shown that no detailed 
information on the structure of the 08 - 
spectrum can be expected from meas- 06 | 
urements on relaxation effects, as their 
«resolving power» with respect to the 
spectral lines is comparatively poor (18). 02 
Some additional information about the 


10 


i | 


shape of the relaxation spectrum can EEE EI 
however be obtained, observing that 2 W.k(TaT) 
the experimental points of Figs. 26, 27 — 82) 


are not symmetrical with respect to 10. 
the peak, the points on the lower tem- og | 
perature side being somewhat higher | 
than the corresponding points on the 
other side. As the differences are not 04 
large, it may be assumed that the 


0.2 
main peak is associated with the sym- 
metrical part of the curve fitting the SEO 20s ES One 
experimental points. This symmetrical In = 
mast Bee we lirepregenteds by the Fig. 30. — 4) Comparison between the 
function 


simmetrized values of dissipation in 

copper obtained from Fig. 26 (open 

Qu lr ee circles) and the dissipation -computed 

(33) Q-1 = sech > ua (7 veg: 7) ) fora Fuoss-Kirkwood spectrum (y=0.392, 

| heavy line). b) Fuoss-Kirkwood spectrum 

J for y=0.392 and rectangular spectrum 

where the parameter y, which repre- having the same total relaxation strenght 
sents the spectrum width, is unity for and a bandwidth 7=2.7 [A-16]. 


(13) See P. G. BorDoNI: Theory of relaxation effects with a continuous spectrum. 
Proceedings of the Ill I.C.A. Congress, Stuttgart (September, 1959). 
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a single relaxation time, and vanishes for an infinite spectrum. According 
to the theory given by Fuoss and Kirkwoop (!4) the relaxation spectrum 
density d(7) which gives rise to the dissipation (33) is given by 


} _ yS cos (ym /2) cosh (y In T/T) 
ge) ahs m cos? (77/2) + sinh? (y In 7/7)” 


As it is shown by Fig. 30a the agreement between the theoretical line com- 
puted from (33) with y = 0.39 and the experimental points obtained from 
the symmetrization of Fig. 26 is good, even for values of Q~*/Q,,* as low 
as 0.3. The same computation has been made for the other metals whose 
dissipation measurements were accurate enough, and the values found for 


- the parameter y are collected in Table IV. The relaxation times 1,, t, for 


which the height of the spectrum is 1/\/2 of the maximum height have been 
computed in every case, and their ratios are listed in Table IV. When the 
values of t,/t, are related to the treatments undergone by the metals it is 
found that the wider spectra correspond to a larger amount of cold work. 


Taste IV. — Relaxation spectra. 


Metal | Silver Gold Palladium Platinum Copper 
bi SR ANI (REMO: 

y 0.266 | 0.345 0.284 0.426 0.390 

T/T 335 57 205 18 28 
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6. — Frequency relaxation. 


The experimental data concerning the temperature dependence of the 
resonant frequency for copper [A-16] are accurate enough to allow a compar- 
ison between the measured values of (f — fo)/fo and those computed according 
to the relaxation theory. As in equation (6), f is the frequency at the tem- 
perature 7, while f, is the relaxed value of the resonant frequency. 

The above ratio can be obtained from the experimental data subtrac- 
ting from the frequency measured at the temperature 7, the frequency com- 
puted with a linear extrapolation from room temperature measurements. 
In this way the monotonic frequency changes due to the effect of thermal 
expansion are cancelled and only the effects of relaxation are left (1). 


(44) See R. M. Fuoss and J. G. Krrkwoop: Journ. Chem. Phys., 68, 385 (1941). 
(7°) For the slight errors introduced by the linear extrapolation see [A-16]. 


- according to (31). 
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The equation (6) is no longer valid, the effect being due to a relaxation 
spectrum of considerable width, as it has been shown by the dissipation meas- 
urements. For a constant logarithmic density of times, the ratio (f— f,)/f, 
is given by n 


ata peer (En 1) 
fi 22 4g cosh[y + WE! (TT) 


(35) 


It must be noticed that (f— fo)/fo for vanishing 7 is independent of the width 
n of the spectrum, and equals S/2 as in the case of a single relaxation time. 
The same does not happen for the maximum dissipation @,;! 
tion of the spectrum width, 

and is given by 10-10 


which is a fune- 


2 


i er ss ai 
0.8 
a) 6g {(sinh n) 8 
) ci = —* 3S! oe <= —_— 
(36) Qm 5 Steet 


0.4 


The equivalent of equation °° 


(35) cannot be obtained in 
closed form for a Fuoss-Kirk- 10.10 
wood spectrum; however it is 
easily proved that the limiting 
value of (f—f,)/fy when T van- 96 
ishes is still S/2, whilst the 04 
maximum dissipation depends 
upon the spectrum width as in 
the former case, and is given by 


The experimental values of 
(f—fo)/fo are plotted in Fig. 31 
for three different types of vi- 
brations. The corresponding 
dissipation curves are also 
plotted in the same scale for Fig. 31. — Frequency-relaxation and dissipation 
comparison purposes. Two for CERereni vibration frequencies. Abscissae 
E ; W-ks+\(P7-— 1); ordinates QO and {f —j,)/fo. 
facts are immediately observed: eae È È 

È Upper curves, 1.8kHz; middle curves, 13 kHz; 
a) the total frequency relax- lower curves, 1 MHz. Polverystalline copper, 
ation is much smaller for technically pure [A-16]. 
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longitudinal vibrations (lower diagram) then for the flexural vibrations of 
plates and rods (intermediate and upper diagram); 
vibrations the total frequency relaxation is smaller than the corresponding 
in contrast with equations (36) and (37). 

It is not difficult to explain a) observing that the dislocation motion 
changes the shape of the solid rather than its volume. As it was suggested 
by ZENER it may be assumed that the compressibility modulus is not affected 
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Fig. 32. — Comparison between the- experi- 
mental rolaxation of frequeney, in techni- 
cally pure copper, at 13 kHz (Curve A) 
and the theoretical curves for a constant 


logarithmic density (B, n=2.70; 0, n==3.5) 
or for a Fuoss-Kirkwood spectrum (D,y 
= 0.392) [A-16]. 


ered as the sum of a purely longitudinal stress and of a more complex 
stress changing from grain to grain, owing to the large elastic anysotropy 
of copper crystals and to their random orientation. The latter stress does 
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- dinal waves. 
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b) for longitudinal 


by the relaxation effect. The clas- 
sical relations between the elastic 
moduli give then rise to the follow- 
ing equation between the relaxation 
strenght S, for longitudinal vibra- 
tions and the corresponding value 
S, for flexural or extensional vibra- 
tions 


(38) S, == 28, ca 


where €,, 6., 6, are the velocities for 
torsional, extensional and longitu- 
Taking for them the 
values given by the literature, the 
value 0.19 is found for the ratio 
S/S, in good agreement with the 
experimental curves of Fig. 31. This 
result shows the interest of a more 
extended experimental investigation 
of this point, as the property of not 
affecting the compression modulus 
seems to be quite important for the 
mechanism of dislocation motion. 

Point b) is somewhat less easy 
to explain as it is in open contra- 
diction with theory; it must however 
be remembered that the measure- 
ments were made on polycrystalline 
copper. The stress due to the high 
frequency vibrations may be consid- 
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not correspond to any appreciable macroscopic force, because of the ran- 
domness of grain orientation, and therefore has no influence upon the 
vibration frequency. On the contrary the elastic energy associated with 
the same stress is not negligible in comparison with the energy asso- 
ciated with the longitudinal part, and must be taken into account when 
the total dissipation is evaluated. Hence the dissipation is larger than 
the value corresponding to a purely longitudinal stress, as it is found in 
the lower diagram of Fig. 31. The comparison between the experimental 
values of (f—f.)/f and those computed for a constant logarithmic density 
or for a Fuoss-Kirkwood spectrum (Fig. 32) shows that the latter type of 
spectrum gives a better approximation, as it is found in dissipation meas- 
urements. 


7. — Subsidiary dissipation peak. 


A second peak was found by NIBLETT and ‘WiLks below the temperature 
of the main dissipation maximum, in high purity (99.999%) polycrystalline 
copper, at vibration frequencies between 0.38 and 1.1 kHz, as it is shown 
by Figs. 12, 17 [A-4, A-8]. From the original measurements the separation of 
the second peak from the main one does not seem to depend upon mechan- 
ical or thermal treatments, neutron irradiation or strain amplitude. The 
same peak is also clearly shown at somewhat higher temperatures by PARH’s 
measurements on copper single crystals of the same purity (99.999%) for a 
frequency range between 3.7 and 5.6 kHz [A-13]. In measurements made 
at higher frequencies the N.W. peak is less clearly exhibited, being rather 
a flat «bump» on the low temperature side of the curve (Fig. 8) even when 
the measurements are made on high purity specimens (Fig. 19). In the 
last measurements the separation of the two peaks is smaller than in the 
low frequency experiments. 

The above results show that the N.W. peak is due to a thermally acti- 
vated relaxation effect, with an activation energy W' smaller than the energy W 
of the main peak. To evaluate W’, the N.W. peak must be separated from 
the main maximum. This can be done computing the (cosh) of the experi- 
mental values of Q,'/Q-! and plotting it as a function of W-k-[T,! — 7]. 
According to the previous remarks on the shape of the relaxation spectrum 
and on the Fuoss-Kirkwood approximation, the curves obtained in this way 


are straight lines near the main maximum and on the high temperature side, 


where the effects of the secondary maximum are little felt. The N.W. peak 
ean be isolated taking the difference between the straight line, obtained by 
extrapolation of the values near the main maximum, and the low-tem- 
perature branch of the experimental curve. The hyperbolic secant of these 
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values multiplied by Q,,* 
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Vig. 33. — Niblett and Wilks peak. Folyerystal- 
line copper technically pure. Curve A, 15 kHz; 
B, 1.91 MHz [A-16]. 


gives the dissipation due to the N.W. peak. Fig. 33 
clearly shows the increase of the temperature 7, 


of the subsidiary peak 
with the frequency f,. Similar 
computations have been made for 
other measurements, and the fre- 
quencies have been plotted in a 
logarithmic scale against (7,,)~* in 
Fig. 34. The experimental points 
are placed on a straight (solid) 
line, and their agreement with 
the values obtained by other 
experimenters is reasonably good 
[A-13].. The activation energy 
computed from the slope of the 
line has the value W’= 0.041 eV 
being about 1 of the energy found 
for the main peak in the same 
metal (Table III). The value of 
(t,)-! computed from the inter- 
cept of the experimental line with 
the frequency axis is smaller for 


the N.W. peak than for the main peak. As it is shown by Fig. 34, the vibra- 
tion frequencies corresponding to the two peaks coincide at room temperature. 
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Fig. 34. — Frequency dependence of the temperature of the N. W. peak (line 4) and 


of the main peak (line B) in polyerystalline copper. 


(A-8, A-13). 


Open circles [A-16]; crosses, 


W'=0.041 eV [A-16]. 
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The comparatively low value found for W' supports SEEGER’s explanation 
of the second peak [B-8]. In f.c.e. metals the dislocations lines which are 
responsible for the low temperature attenuation lie in the {111} glide planes 
along one of the close-packed diréctions, and have Burger’s vectors 3110). 
The angle between the dislocation line and the Burger’s vector may then be 
either +60°, or 0°. Theory shows that the energy for the formation of a 
kink pair must be different for the two cases, and according to (17) and (22) 
this gives rise to different values for the activation energy of the relaxation 
effect. 

It may be added that recent investigations in silver, gold, palladium and 
platinum [A-18, A-20] have shown that the low-temperature side of the atten- 
uation curves is always higher than the other side when the measured values 
are plotted as a function of W-k-[T,!—T-], as it is shown by Fig. 27 in 
the case of gold. 

This result seems to indicate the presence of a subsidiary dissipation max- 
imum near to the main one. The N.W. peak is therefore a rather general, 
if not very evident, feature of the dissipation-temperature curves for f.c.c. 
metals. Further experiments at lower frequencies may consent the separation 
of the two peaks, as their activation energies are probably different, as it has 
been found in copper. 


8. — Influence of anneal, cold-work, impurities, strain amplitude ‘and neutron 
irradiation. 


Experiment shows that the non-linear behaviour of metals is closely related 
to the thermal and mechanical treatments.. On the other hand the effects 
of these treatments and of neutron irradiation are strongly dependent upon 
the impurity content. It is therefore convenient to consider together the 
influence on the relaxation effect of all the above causes, notwithstanding 
their apparent eterogeneity. 

It has already been shown that an anneal at moderate temperatures reduces - 
the height of the relaxation peak: in addition to this effect an increase of | 
the room temperature dissipation is produced when the temperature of the 
treatment is raised. The second effect is generally not found in impure 
metals, as it was the case with some of the copper and silver specimens on 
which the first measurements were made [A-1]. In this case the peak can be 
easily cancelled by anneal, obtaining a low value of dissipation even at 
room temperature, as it is shown by Fig. 11 in the case of commercial copper 
after a 2 hours treatment at 175 °C. A similar treatment (1 hour at 180 °C) 
seems to be less effective in cancelling the peak in high purity (99.999%) 
copper (Fig. 12). If the temperature of the treatment is raised, the peak 
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disappears but a considerable increase is noticed in the dissipation at room 
temperature, as it is also shown for a somewhat less pure copper (99.965 %) 
by curve A of Fig. 17. All the above experiments were made on polycrys- 
talline specimens; however CASWELL [A-11] and THompson and Homes [A-17] 
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Fig. 35. — Influence of anneal on pol- Fig. 56. — Influence of anneal on poly- 
yerystalline technically pure copper. crystalline technically pure copper. A, 
A, after machining; B, after 16 hours after machining; B, after 2 hours at 
at 138 °C [A-16]: 225 °C; ©, after an additional treatment 


for 1 hour at 242°C [A-16] 


have found that both effects of anneal are present in single crystals, and 
the same happens with polycrystalline 99.80% pure silver, as it shown by 
Fig. 13. 

To get further information about the two effects of anneal, the dependence |. 
of the resonant frequency and of Q-! upon temperature has been systemat- 
ically investigated for polycrystalline 99.80% pure copper after different ther- 
mal treatments [A-16]. The reduction of the height of the peak is the only 
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effect produced when the temperature of anneal does not exceed 225 °C (Figs. 35, 
36, curves A, B). The same treatment reduces also the inflection of the 
frequency-temperature curve, without changing 7. The above changes in dissi- 
pation and frequency are easily explained assuming that the number of 


100 200° 300 
Temperature ©K ) 
I 


100 


200 
Temperature @K ) 


Fig. 37. — Influence of anneal on poly- 

crystalline technically pure copper. A, 

after machining; B, after 5 hours at 

146 °C; ©, after an additional treatment 
for 6 hours at 243 °C[A-16]. 
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Fig. 38. — Influence of anneal on poly- 

crystalline technically pure copper. 


A, after machining; B, after 1 hour at 
600 °C [A-16]. 


dislocations active in the relaxation effect is decreased by a low temperature 


anneal. 


When the annealing temperature exceeds 225 °C, a more drastic reduction 
of the peak is obtained, but the shape of the dissipation curve is entirely 
changed, and the room temperature dissipation is increased; in the same 
time the frequency is raised by an amount independent of temperature (Fig. 36, 
37, curves €; Fig. 38, curve B). After an high temperature anneal (1 hour 
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at 600 °C) the frequency and the dissipation are very sensitive to the strain 
amplitude, even for strains of the order of 10-’ (Fig. 39). The same ampli- 
tude dependence produced by an high temperature anneal has also been 
found in copper single crystals [A-11] and in polycrystalline silver [A-20]. 
It may be observed that the curves C 
in the dissipation diagrams of Figs. 36, 


——— — 
DEE F / | 37 and the curve B in the same dia- 
Da Cu gram of Fig. 38, were obtained for 
-50 ta | ra I strains of the order of 10-® and can 
fafio ES TA, therefore be considered as the limiting 
ye values of the dissipation for vanishing 

Seo ‘3 r ar strain. 
e At the present time no theory exists 
450110" which adequately describes all the 
0 1 ba 3 410 effects of an high temperature anneal. 
22 SAN From the temperature of the treat- 
20 | ie | Li ment it could be suspected that some 
È du i ~ of these effects are due to recrystal- 
PS abe Cu lization, but it must ‘be remembered 
me see | i | that the high value of room tempera- 
M su va | ture dissipation has been found also 
Apacer e) L WA in single crystals. As it has been 
asti pointed out [A-11], the dissipation 
spo . 3 “n measured after a high temperature 
Strain anneal seems to be independent of 


Fig. 39. — Strain amplitude dependence EA È leagt.in bha Tan ee 
of frequency and dissipation at room by the available data ((0.5—40) kHz). 
temperature, in polycrystalline techni. It would certainly be interesting to 
cally pure copper. A, after machining; know if the temperature-independent. 

B, after 1 hour at 600 °C [A-16]. increase of frequency shown by Figs. 36, 

37, 38 which makes the explanation 
of the effect more difficult, is also observed in single crystals. 

All the available experimental data show that the peak is not only reduced. 
by a low-temperature anneal but also slightly shifted towards the lower tem- 
peratures, as it may be seen from Figs. 11, 12, 13, 35, 36, 37. This indi- 
cates that the relaxation effects more easily cancelled are those due to the 
dislocations associated with higher values of relaxation times. In fact, after 
the treatment, the centre of the relaxation times spectrum is lower than before, 
as it is shown by the slight decrease of 7,. Measurements on copper have 
shown that 7, may be reduced by a factor of 0.6; larger changes in the times 
spectrum can be expected in silver, in which the temperature shift of the — 
peak is very evident (Fig. 13) according to recent experiments [A-20]. 
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The effect of different amounts of cold work upon the height of the main 
and subsidiary peak has been investigated by NIBLETT and WILKs in 99.999% 
pure polycrystalline copper [A-8]. When the prestrain is of the order of 0.1% 
the peaks are hardly noticed; their height increases with the amount of the 
prestrain, whilst the room temperature 


attenuation is reduced (Fig. 40). When 

the prestrain exceeds the value 2%, the 200 

amplitude of both peaks becomes approxi- 200 
mately independent of the amount of ta oo ak 


prestrain. A similar investigation has praia 206 6 00 00 
been made by CASWELL on a 99.999% Temperature) + Temperaturetk ) 
pure copper single crystal [A-11]. The one 10° 

results agree with the preceding ones, Bee Fe 200 g = 

the amount of permanent strain required 10 100 

to reach the maximum height of the 

peak being somewhat higher in the latter O 100 200 0 100 200 


oan : Temperalure(K) Te 
case, as it is shown by Fig. 19. Moreover tieni 


CASWELL’s experiments show that cross-rol- Fie ANSE Desendencs DEGLI 
ling has a more pronounced effect on cold work for a 99.999% pure poly- 
the height of the peak than continued crystalline copper [A-8]; curve A, 
rolling in one direction. This may be strained 0.1%; B, 0.5%; O, 2.2%; 
possibly due to the fact that cross-rolling D, 8.4%. 
activates different sets of slip planes. 
The dependence of maximum dissipation upon prestrain, can be explained 
qualitatively [B-8] observing that the dislocations active in the relaxation 
effect are approximately parallel to a densely packed direction. This is only 
a small fraction of the total number of dislocations; as their number increases 
with increasing prestrain, the active fraction generally decreases, owing to the 
elastic forces between dislocations. 
These forces increase with the 
number of dislocations and push 
them into directions different 
(C)025 At%Gold doped copper trom the close packed ones. 
(0) 050 A/ Gold doped copper For a small amount, of cold 
work the increase in the total 
number of dislocations predomi- 
nates, and the height of the peak 
: increases. However the total 
0 40 60 120 160 200 240 280 number of dislocations parallel 
jewmperaiare (M) to close-packed directions soon 
Fig. 41. - Dependence of 03} on gold atom- reaches a saturation value under 
ic %. in a cross-rolled copper crystal [A-11]. the controlling eect of the 
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elastic interaction, and the peak becomes independent of the amount of 
prestrain. 

The effects of cross-rolling have also been compared for several copper 
crystals containing a different amount of gold [A-11]. As it shown by Fig. 41 
the height of the peak is very sensitive to the presence of gold atoms, being 


(0) 50 100 150 200 250 
Temperature (K) 


Fig. 42. — Dissipation in polycrystalline copper 99.$99% pure, strained 6.6%, and | 
neutron irradiated (5-1018 n.v.t.) [A-8]. 


reduced to about + of its value in the 99.999% pure crystal, by 0,065% 
atomic % of gold, and being almost cancelled by 0.5 atomic % gold. The 
original measurements [A-11] show that this reduction of the peak takes place 
without any change in its temperature, in complete agreement with the fun- 
damental hypotheses of dislocation theory, which have been discussed above. 
The number of foreign atoms seems to control the number of dislocations 
active in the relaxation effect, but has little or no influence on the activation 
energy and on the time 7. 
400!10° The influence of a fast neutron 
bombardament on dissipation has been 


300 Cu ; é 

investigated on a 99.999% pure poly- 
200 crystalline copper for a radiation flux 
100 of 5-10!8 n.v.t. [A-8]. A substantial 


reduction of the height of the peak 

O ~ 50° 1007 150 ~ 200° 250 © 300 is found, together with a slight shift 
Temperature CK ) towards the lower temperatures, as 

after an anneal. This may be seen 

copper 99.999% pure, neutron irradiated comparing the peak, Dolo 
(5-108 n.v.t.), and subsequently strained Which is of the order of 35-10-?, with 
5.19% [A+8)). the peak for the same specimen (poly- 


Fig. 43. — Dissipation in polycrystalline 
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erystalline copper 99.999% pure) before 
the irradiation, whose height, given by 
Fig. 12, is about 240-10-5. When the 
sample is strained after irradiation, the 
height of the peak may be larger than 
for the unirradiated material (Fig. 43). 
Other measurements made on a poly- 
crystalline specimen of commercial 
copper (purity not stated) for a smaller 
irradiation flux (5-10'7 n. v. t.) are in 
qualitative agreement with those of 
Fig. 42 [A-17]. However the peak re- 
duction is only of 20%, and no tem- 
perature shift is found when the two 
curves are superposed, as it may be 
seen from Fig. 44. The neutron bom- 
bardment seems to have a larger effect 


‘on high purity copper crystals which 


have previously undergone a complete 
anneal at 650°C. The high attenua- 
tion found at room temperature after 
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Fig. 44. — Dissipation in technically pure 

polyerystalline copper. The unirradiated 

values have been reduced by a factor 
of about 20% [A-17]. 


anneal is reduced to 1/10 of its value by an irradiation flux on only 2-10" 
n.v.t. while a small relaxation peak is faintly shown (Fig. 45). At the 
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Fig. 45. — Influence of neutron irradiation upon frequency and dissipation of a 


99.999% pure copper crystal, previously annealed [A-17]. 
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same time the room temperature frequency is increased by an amount of 
about 2%. This result supports the hypothesis that high energy irradiation 
can reduce the number of active dislocations, as it is done by anneal and 
by increasing impurity content, but does not affect the basic parameters W | 
and W'. Moreover the influence of irradiation seems to be strongly dependent 
upon the presence of foreign atoms, being rather small for impure metals. 


9. — Relaxation peak in alloys. 


The experimental investigation of the relaxation effect has been recently 
extended to a complete system of gold-silver alloys, which has been chosen 
owing to the complete solubility in the solid phase, due to the favourable — 
ratio of the atomic diameters (1.0014 for silver-gold). 

To make the results more easily comparable, all the specimens have under- 
gone the same thermal and mechanical treatments, and their size has been 
chosen in such a way 
the all their resonant 
frequencies are near to 
20 KHz. As it is shown 
by Fig. 46 the peak is 
clearly exhibited by the 
systems with a small 
concentration of foreign 
atoms, and reduces to 
a flat bump when the 
atomic concentration ap- 
proaches 50%. This may 
be clearly seen in Fig. 47, 
where the height Q-* of 
de the peak is plotted as a 
function of the atomic 
percent of gold. 

On the silver side 
the values of Q,} have a 
maximum fora concentra- 


60 % Au E ni tion of about 2 atomic % 
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Temperature °K) being more than twice | 


Fig. 46. — Dissipation in silver-gold alloys: resonant that for pure silver. This 
frequency ~ 20 kHz[A-18}. result shows that a small 
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concentration of impurities may favor the formation of active dislocations by 
cold work. This explanation agrees with the fact that the room temperature 
velocity of extensional waves e, has a minimum for the same alloy (Fig. 48), 
owing to the larger number of dislocations which can move freely at that 
temperature. It must also be noticed that the temperature coefficient of fre- 
quency shows an anomalous behaviour for the same concentration. 
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300-10 150 
200 100 


100% N 50 
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Fig. 47. — Values of Qn and Tm as a function of gold atomic %, in silver-gold alloys. 
Open circles, computed values of 7’, [A-18]. 


For small concentrations of gold it is quite interesting to compare the 
Q,,'-concentration curve of Fig. 47, with the similar curve of Fig. 41, for 
a small concentration of gold in copper crystals. It is not surprising that a 
maximum for Q,! is not found in the second curve. In fact owing to the 
less favorable ratio of the atomic diameters (1.1283 for gold-copper), cor- 
responding to a stronger lattice distortion for the same atomic concen- 
tration, the maximum for gold-copper alloys can eventually be expected 
for gold concentrations smaller than 0.065 atomic percent, and therefore 
may have escaped the notice of the experimenters. On the other hand, it 
is also possible that the maximum in the Q,,*-concentration curvé may only 
be found for atomic ratios very near to unity. For this reason it would be 
interesting to extend the investigation to small concentrations of silver-gold 
on the gold side, between the last alloy considered in Fig. 45 (80 atomic % 
gold) and the pure metal. 

The temperature T,,, of the peak for a vibration frequency of about 20 kHz - 
rises gradually with the gold concentration from the value 71.5 °K for pure 
silver to 135 °K for pure gold. This is an additional proof of the intrinsic 
character of the activation energy and of 7, which are very little influenced 
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Fig. 48. — Values of the extensional velocity c, and of the frequency-temperature 
coefficient 6 = — dln f/0T measured at room temperature, as a function of gold 


atomic %, in silver-gold alloys [A-18]. - 


bygthe presence of foreign atoms. These atoms seem to be effective only in 
controlling the number of active dislocations and therefore the height of the 
peak, as it is shown by the Q~'-concentration curve of Fig. 47. — i 
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Fig. 49. — Dependence of W on the gold atomic %, in silver-gold alloys. Dotted 
line, linear dependence: heavy line, assumed dependence [A-18]. 
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The activation energies for the different silver-gold alloys have not yet 
been measured directly. An estimate for the values of W has been obtained 
assuming that the energy-concentration curve turns the concavity towards 
the concentration axis as it happens with the velocity e, of Fig. 46, and 
as it is suggested by the negative deviations from the Vegard’s law shown 
by the lattice constant (*%). 

The values of W obtained in this way are given in Fig. 49 as a function 
of the atomic concentration of gold. It will be interesting to check these 
values with the direct measurements of the activation energies for the same 


alloys. 


10. — Conclusions. 


The theoretical and experimental investigation on the relaxation effect, 
althought limited to f. e. c. metals, has given substantial contributions to the 
knowledge of the dislocation behaviour. 

The intrinsic character of the mechanism which gives rise to the motion 
of dislocations near their equilibrium positions has been established beyond 
doubt by the experiments on the influence of anneal, cold work impurity 
content and neutron irradiation. This result has suggested a very satisfac- 
tory model for dislocation motion: the formation of kink pairs, whose po- 
tential barriers and characteristic frequency depend only upon the physical 
parameters of the single dislocations, and not on their density or on the 
presence of foreign atoms. 

Conversely, the last two parameters have been found very effective in 
controlling the number of active dislocations, as it is shown by the influence 
of thermal and mechanical treatments, of impurity content and of neutron 
irradiation on the height of the relaxation peak. 

Another general property which has been established is that the volume 
of the specimens is independent of dislocation motion. It may be added that 
the dislocations of a given metal have been found to differ between them 
rather in their characteristic frequencies than in their potential barriers. 

The dislocation relaxation in f.c.c. metals has not yet been completely 
explored. Further information on the effect in single crystals will be 
helpful in defining the types of dislocations responsible for the two dissi- 
pation peaks. It would also be interesting to relate the relaxation effect 
to some direct evidence of the presence of the dislocations, such as can be 
obtained from X-rays or electron diffraction experiments. Additional infor- 


(28) C. S. Barrerr: Structure of Metals (London, 1953), p. 222. 
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mation is required to explain the influence of high temperature anneal upon 
dissipation and frequency. 

However the present review points out the opportunity of focussing the 
attention on the entirely unexplored field of non-f.c.c. metal crystals. It 
is felt that a systematic investigation of the effect in this field can be as 
effective as was the previous investigation on the f. c. c. metals in improving 
our knowledge of the dynamical behaviour of dislocations. 


The Author is very grateful to Prof. M. Nuovo and Dr. L. VERDINI of 
the Istituto « O. M. Corbino » for their valid contribution to the present paper. 
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probabilistic interpretation. 1. Decomposition of the state vector space. 
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1. — Introduction. 


If in a quantum field theory the commutation relations are different from 
the usual form, if, for example, the basic commutator 


ok 
[4,, ay, |, 


is not equal to the usual 6 but to a non positive definite quantity, then 
the theory has to be quantized by introducing an indefinite metric. 

DIRAC [1] and PAULI[2] were the first to suggest that the introduction 
of an indefinite metric into a quantum theory might be of considerable inter- 


(*) Permanent address: Jstitute for Theoretical Physics of the R. E6tvés University, 
Budapest. 
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est. Recent field theories with an indefinite metric are constructed for two 
different reasons. Either it turned out that certain theories can be quantized 
in a consistent way only by introducing such an indefinite metric, or an indef- 
inite metric was brought in deliberately at the beginning. 

In the first group one finds quantum electrodynamics [3, 4], the vector 
meson field [5], the gravitational field [6], the regularizing auxiliary fields 
in quantum theory [7] (Pauli-Villars regularization), the field theories with 
higher order Langrangians [8-12] and the LEE model [13-16]. To the second 
group belongs HEISENBERG’s theory of the elementary particles [17], a pro- 
posal of BogorsuBoy [18-20], a proposal of MARKOV [21, 22] and a model 
of FROISSART [23]. The reason why an indefinite metric was introduced in 
these latter theories (with the exception of the last) is essentially to obtain 
a divergence free theory; this can be achieved (without extra non-local form- 
factors) because of the properties of the spectral function @ e.g. in 


Ar = (et) Ax(x°)dx?, 


only by introducing an indefinite metric. On the other hand, in a theory 
having a higher order Lagrangian, or in the Pauli-Villars regularization 
method, the infinities may disappear just because of this principle. 
Quantum field theories with an indefinite metric, however, may, and in 
most cases actually do, lead to difficulties in connection with the probabilistic 


interpretation. 
This article intends to give a short review of the problems touched above. 


2. — State vector space with indefinite metric. 


This part represents a simple mathematical introduction to the properties 
of a vector space with an indefinite metric. There’ are several methods of 
treating the problem [15, 26]. Our treatment is similar to that given by 
Gupra [24] and PANpIT [25], which seems the most simple and \convenient 
for our purpose. As the vector spaces of the field theories have an infinite 
number of dimensions, we meet here extra difficulties [25]. Since, however, 
anindefinite « physical » scalar product may be introduced also over a Hilbert 
space (cfr. Sect. 24), it seeems that these difficulties may be treated along the 
usual lines. Therefore these problems are not touched here. 


2°1. Vector space. — The space # consisting of the elements IA), |B, tA 


is a Hilbert space if 


> 
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1) it is linear; 


2) there corresponds to each |A> and dB» a (complex) number with 
the properties: 


(i <A|B> ={<B | A>}, 
(ii) <A K{x|B) + B16} = acd |B> + BCA |O>, 
(iii) <A|4)>0, 
(iv) <A|4)> =0 if, and only if, |A>=0. 
The other properties required for the definition of a Hilbert space will 
not concern us here. 


The space # consisting of the elements |A}, |B),... is a vector space 
with indefinite metric, if (iii) and (iv) are violated, i.e. if 


a) it is linear; 
b) there corresponds to each |A) and |B) a (complex) number <A |B> 
with the properties (i) and (ii). 


<A|B> is called the scalar product of |A> and |B>. If <A|B> =0, 
|A) and |B) are orthogonal. <A|A)> isthe norm of | A). From (i) <A|A> 
is a real number. If <A|A> 70, |A} can be always normalized to + 1. 

If (iii) and (iv) are violated in such a way that <A|A>> 0, (or <A|A>< 0) 
but <A|A> =0 also for an | A} 40, # is a vector space with semi-definite 
metric; if there exists at least one | A) with <A|A> = 0, orthogonal to all 
the vectors, W is called a vector space with degenerate metric. If the metric 
is not degenerate, there exists an orthonormal basis |i, ... with 


4 1j> = Niba, Ni;=+1 


Spanning the space #. We do not deal in the following with the degenerate 
case. 


2°2. Operators. — An operator P, as usual, has the property of transform- 
ing the vectors of the space among themselves. P is linear, if 


P{a|A) + 6|By} = «P|A) + BP|B>. 
P* is the hermitian conjugate of P, if for each | A), |B) E # 


<A |P*|B) ={{B|P|4)}*. 
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Thus it follows that (P*)* = P and 
{A|PQ|B) = {<B|Q*P*|A)}*, ete. 


If P|p> =p|p>, where p is a number, |p> is an eigenvector and p is an 


eigenvalue of P. The mean value P in the state |A) of P is defined by 


f= CAP | A>: 
If P =P*, P is said to be hermitian. In this case it simply follows that: 


(2.1) | if Plp) =PD), (p—p*\xp|p> = 0, 


_ (2.2) if P|lp)=p.|p.) and P|p)= Pa |P2} 5 (p; — pr) <Pi|p2> = 90, 


(2.3) P ig a real number. 


Since here <p|p> may be also zero, p is not necessarily real. 
An operator satisfying UU* = U*U =1 ix called a unitary operator. The 


> unitary transformation 


Ay" 0 |:A>., Poe OPUS 
has the following properties: 
if Pip> p\p> then P'|p>’'=p|p>’ and ‘@|P'|p'= <p|P|p>. 


If |%>,... is an orthogonal basis, and we define the diadic product |A><B| 
of state vectors in the usual way, the unit operator is 


(2.4) 1=D|dè Ni]. 
Thais allows us to represent |A) and P by the matrices 


1 [ ¢, = N,<tlA>, 
(2.5) i cate 
| Py = NG|P|p. 
P;; fulfils the matrix multiplication rule. Indeed 
O) N,n|PQ |m> = Ng Di ‘n|P|i>)N;Ki|Q | mò = SP . 


From (2.5) 
Pi, =Nj|P*|ò. 


793 


96 : K. L, NAGY 


Thus if P= P* 
PENNE 


but if UU* =1, S U;, Ui = dx as usual. With the representation (2.5), the 


eigenvalue equation 
P\p> = p|p> 


has the well known matrix form, since 


> P|DAN Kilp>)=p > |ON <i |p), > GP |e: = pN;6;, 
thus 
> Pye per. 


The most important question is: when do the eigenvectors of an operator P 
form a complete system? In a finite dimensional (n) vector space this can 
be answered as follows: 

Let us define the minumum polynomial m(P) of P as the polynomial of 
least possible degree for which 


Then the necessary and sufficient condition that the eigenvectors of an oper- 
ator P form a complete system is that its minimum polynomial should be 
written as 


(2.6) MAP) =P = pi)... CP Pe) 5 
where p;# p; if 1~j. The p, are then eigenvalues. 
At least one polynomial for which M(P)= 0 always exists, is the char- 
acteristic polynomial of P. It can be written 
M(P) = (P—p,)"... (Pps, Oto +=. 
Thus the minimum polynomial always has the form 
m(P) = (Pp) (Pap Bi<a 
The question arises: do the eigenvectors of a hermitian operator form a 
complete system? If this were not the case then at least one f,=%k>1. 


Then there exists at least one state vector |A> #0 such that 


(2.7) (P—p)'|A>=0, but ‘(P—p,"*|4)=|B)#0. 
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|B) satisfies the eigenvalue equation 
(P—p,)|B> =0. 
There are two cases: p; is either ee or real. In the first case because 
of (2.1) 


Bl By = 0.. 
In the second case 


{B|B) = (A|(P—pi)?*|4> =0, since 2(4 —1) >k. 


In a Hilbert space, if the norm of |B) vanishes, then’ also |B) = 0, thus in a 
Hilbert space the eigenfunctions of a hermitian operator always form a com- 
plete system. This is no more true in the case of an indefinite metric. The 
necessary condition that the eigenfunctions of a hermitian operator do not 


; form a complete system is that at least one eigenvector with zero norm should 


exist. i 

The above theorem provides a method of completing the vector space. 
Suppose we have found all the eigenvectors of a hermitian operator. We 
consider only those which have zero norm. Be |B) one of them with the 
eigenvalue p. Then one has to decide whether there exists or not a vector 
|A) #0 satisfying 


(2.8) (P—p)|4> =|B). 


If such vector exists, it has to be added for completing the system. Repeating 
the procedure, if necessary, the vector space can be completed. 

In a vector space with non degenerate metric, the following theorem Holds: 
if there is at least one eigenvector among all the other eigenvectors of a her- 
mitian operator which has zero norm, orthogonal to the other eigenvectors, 
then at least one |A) satisfying (2.8) necessarily exists. 


2°3. Physical postulates. —- The above vector space with indefinite metric # 


has now to be connected with physical systems. This can be done by the 


following postulates: 


(i) the state of a system is described by an |A)€# at each instant 
of time. 


(ii) the physical quantities are represented by linear operators oper- 
ating in #; : 

(iii) if in a state |A> P is measured, the average result of the meas- 
urements is P— <A|P|A). 


s 
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These postulates imply the following consequences: 


(a) since P must be real, the physical quantities have to be represented 
by hermitian operators; 


(b) if <A|A)=0, but <A|P|A> #0, P is undetermined, since |A} 
can be multiplied by an arbitrary number; 


(c) let f(P) be any arbitrary function of P, which can be developed 
in powers of P, and form P|p;) = p;|p.}) a complete system of orthonormal 
vectors. Then 


<A |f(P)| A} = Cn nf (Pn)<m [n> = 2 Ninn Om f(Pm) « 
But the average result of the measurement of f(P) is 
P= WoflPmn) 
where W,, is the probability of measuring p,,. Since f is arbitrary 
te wenn, Na PE. 


From (b) and (c) it follows that there are difficulties with states of zero, or 
negative norm. These problems require further special considerations. 


24. The n-formalism. — The formalism of the previous section is often 
replaced in the literature by a method in which a metric operator 7 is defined 
in a Hilbert space. We here draw the connection between these two treatments. 

Let us construct a Hilbert space # so that there be a one to one corre- 
spondence between the state vectors |A}... of # and |A> ... of the Hilbert 
space a with the property: if |A) >|» and |B) —>|B> then 
(2.9) a|A> + B|B> > «|4> + p|By,; 


for each |A) and |B). Because of this correspondance, the bilinear form 
<A|B> defines an operator 7 in the Hilbert space: 


(2.10) (A|B> = <A|n|B. 
The operator P corresponding to the linear operator P is defined by 


(2.11) <A|P|B) = (A |nP|BD. 
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| The hermitian conjugate P- of È in # fulfils as usual 


Lay a a 


{<4 |P|B>}* = B|P | 4). 
Since <A|A).= (4 |n|4) is real, 4+ =n. m.is called the metric operator. 


n always operates in #, therefore here the roof (~) is omitted. From (2.11) 
it follows that 


(2.12) P= A|P|A)= «d|nP|2). 


| Defining the operators P and Pt, we can easily express the operator P* 
in terms of Pt. Indeed 


<A|P*|B> = {<B|P|A)}* = {B|nP|d}}= (4 | Bry |BY = <A [n> By | BD. 


Since |A> and |B) are arbitrary, from (2.11) one finds that the operator 
| corresponding to P* is 


(2.13) B* = 7 Pn. 


Therefore, if P is hermitian in #(P = P*), it follows from (2.13) that P = gp 
P*y thus P = DI, i.e. È is hermitian in # only if [P, 7] =0, and reversely. 
For spanning # we can use an orthogonal system |i5,..., <i|j) = N;d,;. 
We choose one arbitrarily, but fix it once and for all afterwards, and con- 
struct the Hilber space # so that it be spanned by the orthonormal system 
[= 8,,. 
From (2.10) then 


(2.14) Nj6,=4|nlf>, alp = ND, 


i.e. in this representation 7 is diagonal having the eigenvalues V;= +1. 
Introducing in # a new orthonormal system 


ey = Ut, BEBE 7. 5 ‘RN 
the system 
= dò 
in general is not orthogonal, since according to (2.11) and (2.13) il Otnt 
and not 0+ =1. Having started from the system |i>’ and |î)', |¢> would 
not be orthogonal. 


In Sect. 3°1, we shall show a simple example for this formalism, but we 
do not use it in the following. 


» 
a 
[os 
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3. — Field theoretical examples. 


In this part, field theoretical examples, — mainly those which were quoted 
in the introduction — are treated. We discuss here only the method of obtain- 
ing a theory with indefinite metric, while the difficulties like those connected 
with the probabilistic interpretation will be treated later. 


3°1. Oscillator. — Since free fields in quantum theory are equivalent to an 
assembly of harmonic oscillators, we consider first a simple harmonic oscillator 
leading to definite or indefinite metric. Thus later we will not need to 


discuss similar problems again and again. 


8'1.1. Normal oscillator. In the case of a simple harmonic oscillator, 
the operators satisfying the commutation relation 


(3.1) aa*—a*a=1 


forms a complete set of operators in the sense of Schur’s lemma: an operator 
commuting with them must be a multiple of the identity operator. Each 
physical quantity can be expressed be means of them. For example, the 


Hamiltonian is 


(3.2) H= Ea*a. 


The state vector space is built up by introducing the vacuum state with 
minimal energy, having the properties 


(3.3) 60> ==. 0% <0), 07 t= 
and then the orthogonal system is 
n> = in!) 2(a*)" |0> . 
The scalar product of |m) and |n), <m|n> = (m!n!)*<O|a™a*" |0> = mn 


where in the last equality (3.1) and (3.3) were used. Of course a* is the 
hermitian conjugate of a, and 


H|n> =nE|n>. 


The state vector space is a Hilbert space, and hermitian conjugation etc. 
are understood conventionally. 


798 


INDEFINITE METRIC IN QUANTUM FIELD THEORY 101 


3'1.2. «Abnormal» oscillator. Instead of (3.1) and (3.2) in this case 
e.g. a Lagrangian formalism gives 


(3.4) aa*—a*ta =—1, 


(3.5) H=— Ea‘. 


Here, obviously, we have two possibilities. The vacuum state may be de- 
fined by 


a*|0>=0, ADIOS aa Oe 
and the orthogonal system as 


|n> = (n) Ha)" |0) . 


In this case we obtain a: Hilbert space, but the energy becomes negative. 


This possibility for the field theories treated later is excluded also because 
of other reasons (for quantum electrodynamics see for example [27], for the 
Lee model the conservation of the fermion number forbids this teatment etc.), 
therefore one has to choose the second possibility resulting in an indefinite 
metric. 


Then the vacuum state and the orthonormal system is defined by 
[a|0o)=0, <0|0)=1. 

4 | In> = @b Ha") |0), 

thus from (3.4) 


(3.6) 


(3.7) <m|n> = (m!n!) 0 |ama*" |0) = (—1)"Onn 5 


i.e. a state vector space with indefinite metric. a* is the hermitian conjugate 
of a. Here also 


(3.7') H|n)=nE]|n), 
but 
H,, = <n|H|n> = (—1)"E.. 


H is obviously hermitian. The unit operator is here 


1=Ym(-1)"M], 
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therefore the state vector |A) is represented by 
|4>=Dealn>, = (— 1)" Ad. 

According to (3.4) and (3.7) 

(3.8) a|n>) =—V%|n—1>, ele A/a te 

and thus from (2.5) 


i È ai 
Omn = — Vn Oria , Ann = Vn sin LO Ra o 


H is diagonal in this representation, and therefore its « minimum polyno- 
mial » is 


m(H) = Tl (H —nB). 


n=0 


We now show how this oscillator can be treated by means of the 7 for- 
malism. Denote by |f)... the complete orthonormal System of state vectors 
in a Hilbert space corresponding to |n), ... 


(3.9) AY = Sinn » 

Then according to (2.14) 

(3.10) (mn) = (—1)"bnn = <M|N|d), 4|@> = (—1)"|n>. 
Since from (3.7) and (3.8) 


<m | a* |» = ‘ee 1)"/n ae No at ’ 
it then follows from (2.12) 


(3.11) à*|a)= Vn+1|n+1), 
n being diagonal. Applying 7 on both sides we find 


na*nlà) = nd 1) |A = Va FiC1prtin +1) = (—1ya*|Ay, 


from which 


(3.12) qgdtygt=—@*. 
From (2.13) 
(3.13) @a=qta*n. 


Denoting 4*—A+ and @*+=A, according to (3.4), (3.12) and (3.13) (efr. 2.11) 


So 
> 
ao 


ssi nt ME ira € 
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one obtains 

[—1 =@ @* — G*@ = n-1An At — A+y*An=—(A4+—A+A)g, 
Gives 

AA+—AtA=1. 

From the operators A we can construct now the system |)... defining 
(3.15) Aj =0, <0|0>=1, |) = (n!)7*(A+)"|0>, 
since from (3.14) A+A4|fR)=n|®), 
(3.16) n = (—1)*%. 
It is easy to see that with this choice all necessary formulae are satisfied and 


(3.17) H=BAtA. 


Having started from (3.14)-(3.17), but defined the « physical» scalar prod- 
uct and mean value according to (2.10) and (2.12), we would get the same 
physical results as without 7. This is the method of the 7-formalism. 


3°2. Field with non-relativiste commutator. — Here a free Dirac field with 
an equal-time commutator not of 6-type will be treated as an extremely simple 
example of a field theory with an indefinite metric. 

Let the field equation and commutation relations be 


(7,0, + kp = 0 
{y,(%, t), p(x’, t)} ca byl (* al); 


other anticommutator as usual. 
Here it is supposed 


f(x)=f*(x), fa)=f(-a). 


Then the Fourier transforms f(p) of f fulfils: 


e iu iero Pipl fp) Ka) 


y satisfies the field equation and the commutation relation if 


p(x) = Bap | INP) \{a(p, s) exp [ipx]u(p, s) + b*(p, s) exp[- ipx]v(p, s)}dp / 
(0) = Di | VIf(p)|{b(p, 8) exp [ipa] O(p, s) + a*(p, 8) exp [— ipa] up, 8) }dp , 


co 
i=) 
na 
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and 
{a(p, 8), a*(p', 8')} = {b(p, 8), b*(p’, s')\ = sign {(p)d(p — p') d,. . 


P, which is defined by [P,, y] = i2,y is 


a IL sign f(p) {a*(p, s)a(p, 8) + b*(p, s)b(p, s)} dp È 


(If f(x) # ò(x) the Lagrangian formalism does not work.) For momenta with 
sign f(p) =—1, we have «abnormal» oscillators and one thus obtains a 
field theory with indefinite metric. Obiously y* is the hermitian conjugate 
ofw and P, =P, Po =P). 


3°3. Free electromagnetic field. — The Lagrangian 


L=-39,4,9,4, 


give in the usual way 
DA: = 0 


[A (x), A,(x’)] = iò,,Dla—@'), 


pe = |(2403)Ae—¥8 yep Ae2Ae) do, 


These field SO and commutation relations are satisfied if 
— > 7 apr a(k, A) exp [ika] + a(k, 2) exp [— ikx])e,(k, a), 


with 
e,(k, A)e,(h, A’) = dx, > eth, A)e,(k, 4) = 4,,, 
a 


=0, A=1,2 
e,(k, Ak, =; =|kl, A=3 
= i|El, A=4. | 


a(k, 4) = a*(k,i) for 74 = NEY) i a(k, 4) = — ia(k, 0); a(k, 4) =— ia*(k, 0), 
[a(k, è), a*(k’, t')] = 6.n 04, 
[a(k, 0), a*(k', 0)] =— 


P, expressed by the a is 


Pic LL k,i)a(k,i) —a*(k, 0)a(k, 0}. 
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Because of the commutator of a(k, 0) one obtains a field theory with indef- 
inite metric. The state vectors are of the type (3.6): |N,, N, N3, NM) with 
the norm 


N N N, MN, N, oN; INI ide 


Obviously A; =A‘, Ao DAR 

In order that Beane equations are satisfied as mean value equations, 
one has to prescribe the Lorentz condition by postulating that only those 
State vectors are allowed to describe physical states for which 


OLA |L> = 0. 


For a fixed k|z this condition allows for N3, N, the following set of states 
(Lorentz set): 


|0> = |0, 0), 
|1> =|1, 0-10, oy 


Thus 
[De => en ld. 


Since 
Cm|n> = 0. if mAn 40, KOO} = 1, 


<L|D) co 00, 


thus in the Lorentz set |Z> one does never meet negative probabilities, and 


<L|P,|L) = <L|D, k,a*(k, 4)a(k, 4)|L} . 


k,A=1 


The subspace of # spanned by |L) is a vector space with degenerate 
metric, the whole space #, however, is non-degenerate. 


3°4. Field theories with higher order Lagrangians. — For the sake of sim- 
plicity we treat here the case of a simple scalar field p satisfying the equation 


nni 
(1B) Or=—e, 


where o is the source function (operator). The Lagrangian density corre- 


on 
S 
e) 
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sponding to the field equation is 


1 U 
agg ao 


Introducing 
p= gy TEA ge, 


the Lagrangian density L is equal up to a four divergence to the Lagrangian 
density L’ 


re E CRG PI pd, °° — wep} — o(p — go). 
From this one gets the field equations and commutation relations 


Op®=—0, 9%), pa") =i D(x —a'), 


(e—a')2?>0. 
(O—w\p™=—9, — [p%@), ge] =i Aw—a'), 


If we span the state vector space by free particle states, then, because of the 
negative sign in the eommutator of gy we obtain a field theory with in- 
definite metric: 


No, N |No, ND = (— 1)" 


N,N’ * 


yp, yp are hermitian. Field theories with higher order Lagrangian automat- 
ically lead to regularized propagators. Indeed for example here 


[y(#), p(e)]= (Dia — a) — Ale —-')) , 


from which the 6-like singularity already has dropped out. 


35. Auwiliary fields in quantum field theory. — The Pauli-Villars regulari- 
zation method works with appropriately regularized propagators. This type 


of propagator appears in the S-matrix, if one considers the interaction Hamil- 
tonian 


H(x) = gy(x) p(x) y(a) 
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€.g. for the sake of simplicity, where 


P(L) = Pol@) + D Cn Yale). 
PL) = @o(2) + d bapn(2) . 
b, is real. In order to obtain a finite theory, two auxiliary fermion fields, 


and one auxiliary boson field are sufficient [20]. We prescribe the commu- 
tation relations 


{Ym(0), Pr(w")} = — te, Bo — 0; K?) Sam, E SÉ 
[Pn(@), Pnle = 4 rn Aa—- 2"; U2) bam , o=1, 
from which 
{y(@), (pe')} = — i De,cro,So—0'; Kî), 
[p(2), ple)] =i Dondi Aw —a'; 2). 


For e, 0, ¢, b the Pauli Villars conditions are prescribed 


deo = 0, DONG Ue 


nen 


Don), = 0, Dep uet 0i, 


Because of these conditions, we have necessarily negative values for e and 0, 
and therefore, considering the commutators, it is a theory with indefinite 
metric. 

We mention here that if there is at least one auxiliary fermion field, the 
fermion self energy becomes linearly divergent [20], since one has to sub- 
stitute different masses also into the numerator of a fermion propagator. 


3°6. The Lee model. — PAULI and KALLEN were the first to stress [14] that 
the Lee model in its original form [13] without cut-off leads to a contradiction. 
Indeed the theory gives 


9° dk : 
(3.18) lefe>=1 AB CO. for g finite. 


Jo 

Here g, and g are the bare and observed coupling constants, |c|® is the 

probability of finding one bare V particle in a dressed V-particle state. They 

have shown that by introducing an indefinite metric a consistent field theory 

can be developed. Here we present the model using the notations of HEI- 
SENBERG [15]. 


a 
o 
ao 
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The Lee model starts from the Hamiltonian 


(3.19) H= — ms [ops dp + forata dk — 


0 ut * * * 
- vi | vo d(p —q — k){wtq)ws(p)a*(k) — ys(p) px(g)a(k)} dp dq dk . 


Here wy, yy and a stand for the field operators of the V, N (fermions) and 0 
(boson) particles, my is the bare V particle mass, we put my = 0. go is the 
bare coupling constant, which is pure imaginary. 


(3.19) allows the transition V 2 N+9 and N=N+Ny N,=Nx+Ne 
are conserved. The commutation relations are 


{y(p), vi(ph)}=—dlp—p),  {wsP); vi(p)} = dP_P); 
[a(k), a*(k')] = d(k— hk’), 


the others as usual. The vacuum state is defined by 
(3.20) Py |0> = px] = a|0> =0, (0|0> dh 
and the bare particle states by applying p;, yy and a* on it. Because of 


the negative sign in the yy anticommutator, one has here a field theory with 
indefinite metric: 


Ny, Nx, Ng | Nass N NO = (— DA o 
The operators with stars are the hermitian conjugate of those without and 
f= Hs, 


In the following, we consider the real particle states. 
The real vacuum and the real N particle states 
H |0) iù |0) ’ 
HANS =] 
are equal to the corresponding bare states, the real V particle state |4} 
has to be determined from 


(3.21) H|})= E|2). 
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Because of N,, N, conservation 
(3.22) [a> = (— ove + yt | w(k)a*(k) ak) |0> 


Substituting this into (3.21) one finds 


(3.23) (my — E)o = va Fg wh) a 
a Se Soles Lo 
(3.24) (0 — E) p(k) = 0 Fem =. 
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If E= we obtain the N — 0 scattering states, which have a positive norm; 
they can be written down quite easily, but here we do not deal with them. 


If H Aw from (3.24) 


Io È 
C° via Mo E) 


(3.25) g(k) 


Substituting this into (3.23) # has to be determined from 


k? dk 
De, = 2 
(3.26) my— E ln 
If we define the function 
ESITI k? dh 
(3.27) h(z) = A +] soem e) 


the bound V particle energy eigenvalues are given by the zeros of h: 


(3.28) h(z) =0, ZIAUOR 
Using the identity 

dl 1 z (a 

w — & i a) 
one finds 
h(z) = a + be + G(z)e?, 

My “k? dh 

(3.29) ea gt +| 20? ? 


uF k? dk k? dk 
P= Gi a HS se) 
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G(z) is a finite function. In this model a and d are considered finite para- 
meters, therefore g, and my behave as (@ is the cut-off energy) 


3 2 9) 
the? log ©’ = log @ ‘ 
For z real and 2< m, 
d?k dh dh 
3. > SA tc sl Ve 
a da ee de} 2a me de |mg lon, 


thus according to the values of a and b there are three different cases: 
1) there are two real roots. (Discrete ghost case); ) 
2) there is only one double root. (Dipole ghost case); 
3) there are two complex roots with E,=Ej. (Complex ghost case). 
We treat the three cases separately. 


1) In the discrete ghost case, one obtains from (3.28) two real eigen- 
values E, and E_,, and from (3.22), (3.25) two eigenvectors |) and |—A)>. 
According to (2.2) they are orthogonal. This can be confirmed also by 
explicit calculations. From (3.22), (3.25) and (3.27) one obtains 


dh 
(3.31) Ct Alt AD =e, Gol? = 2 


Thus from (3.30) it follows, that choosing ¢,, appropriately 


CIARA at XS 


|— 4) is called ghost state. 
Since (dh/dz)|,, is finite 


|e,|?~log@. 


2) In the dipole ghost case there is only one real double root of h to 
which from (3.22) and (3.25) corresponds only one eigenstate |A). As in (3.31) 


dh dh | 
= — SAS 
<A|4> = |6a90] da but here n it 0. 


Thus we have found an eigenvector of H with real eigenvalue and zero norm. 
Because of (2.2) |A> is orthogonal to all other states (scattering eigenstates), 


ao 
[= 
ao 


I TIR 
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and since the metric is non-degenerate a state |D> having the form (2.8) 
(3.32) (H — E,)|D> =|2) 


necessarily exists. Indeed substituting (3.22) and 


(3.33) : [D> = (- dyy + wx D(k) a*(k) ak) |O>, 
into (3.32) one finds 
Yo di 
3.34 v—- E dee == —— @D(k dk ’ 
(3.34) (m a) va (Kk) dk + 6, 
ag Mes gt 
(3.35) (o — E,)D(k)=d Vena + g(k). 


Using (3.25), (3.35) gives 


Io 1 C4 
(3.36) Dir = o = (a+ | ; 
VAT V20(0 — E;) o — E, 
3 Substituting this into (3.34), we obtain that (3.34) is satisfied with an arbi- 
trary d if 
dh 
(3.37) ee 0 


where (3.26) was also taken into account. This shows that a state of the 
type (3.32) exists only in this case. |D> is called dipole ghost state. From 


(3.27), (3.33) and (3.36) 
Le ABOOÌ ha d°h | 
eo INA 


So far d was arbitrary. Choosing it appropriately 


fi deh 
|6 de3 


<D|D> = | e290 |* 
(3.38) DID 


can be satisfied. Since the metric is not degenerate, necessarily <A|D> #0, 
Indeed 


_ 16290 |? d°% 
<A|D> = dda Rap 
If 
(3,39) |e,|2= CA | Dea. 


|9o |*(d2h/dz?) |x,’ 


Although |) and D) are both vectors having zero norm, (3.38) and (3.39) 
seems to be a useful «normalization ». If we suppose that there are other 


(ec 
o 
ao 
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states of the kind (2.8) necessary to complete the system of energy eigen- 
functions 


(H — #,)|T> =|D> 


and substitute a |7> of the form (3.22) or (3.33) we obtain that such a state 
could exist, only if E were a triple root of h(z). In our case d2h/dz? > 0 
showing that a state |Z> does not exist, so the system is now a complete 
one and the minimum polynomial of H in this subspace is 


m(H) = (H — E,)?. 


If |E') is an energy eigenstate with H'’+~ E,, of course <E'|2) = 0, and 
from 


(E' |H | Dy = E'<E'|D) = E,(E' |D)+<W'|2), <E'|D>=0. 


Here (3.32) was used. The projection operator to the subspace |/>, |D> is 


|A><D| , 1D> <a] 
3.40 ‘pea J 
ae Pn ama 
and the norm of a state vector |A} 
CA|A) = KA|\PIAY 40, e>0, 


showing that the norm of an arbitrary state vector may be negative only 
if |A> contains both |A> and |D>. From the Schrédinger equation 


A rp, 
it follows | 
|4,6 =|4,0> exp [— i,t], 
but 
(3.41) |D, t = {|D, 0) — î|1,0)}exp[—«Eji]. 


3) In the complex ghost case h(z) has two complex roots E, and L£,., 
they are complex conjugates: H, = E° to which, because of (3.22) and (3.25), 
correspond two eigenstates |>) and |A*>. Because of (2.1) 


<Ala> = CAF [A> = 0. 
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Indeed for example 


<A|AD:= 


10290 |? ba 
im Im h(e)|,,=0. 
Since the metric is non degenerate, necessarily KA" A> 0. 


pe hi dh 
CA" | A> = C2 0490 |? = La 0. 


\ The projection operator has also here the form 


_ IAAP] 1125) A] 
pt) “neo 


and the norm of an arbitrary vector may be negative only if it contains both 


mi A> and [4*). Similarly 


CAA <A* |A) | 


{A|H|A)= E, dti 


Thus one is inclined to say that the probability of measuring the complex E F 
is the (complex) 


_ AIAG | AD 


Ameer scam 


but it is different from zero only if |A> contains both eigenstates. Then the 
two members together give a real value. 


37. Other field theories. — Beside the Lee model there are other model 
theories, which require also a quantization with indefinite metric. The mod- 
els in question are: the model of MACHIDA [28], the model of GoLDSTEIN [29], 
the RUIJGROOK-VAN HovE model [30] and the model of TEODOROVICH [31]. 
These models tend, essentially, to extend the Lee model towards more real- 
istic field theories. Here we do not wish to describe these models in detail, 
only we mention that e.g. [29] extends the Lee model by allowing the meson 


| to create one nucleon pair. This results in a shifting of the ghost state from 


the V particle spectrum to the meson spectrum. Therefore the ghost was 
nicknamed as « galloping ghost». In [31] on the other hand the Lee model 
was generalized by adding to the Hamiltonian (3.19) a term E, [p*pdp — 
—g.fpw— pps) dp were g is the field operator of a new type of particle, 
having a usual anticommutator. Choosing E, and g, appropriately also a 
«tripole » ghost state can be found [32]. 
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heavy nucleon interacting with scalar mesons, the LEE model with a local 
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Other model theories, however, do not require indefinite metric (infinitely 


interaction [33], the THIRRING model [34], WENTZEL’s pair theory [35]. The - 
question naturally arises whether the realistic field theories require an indef- 
inite metric or not. According to some authors [36] a contradiction of the 
type (3.18) occurs also in real field theories. The questions of ghost states 
in these theories were analyzed by KALLEN [37] and by Forp [38], never- 
theless these problems are not yet completely answered. 


3°8. Heisenberg’s theory. — In the HEISENBERG theory of elementary par- 
ticles [17], there are some indications that the field equation should be com- 
pleted by supposing a form of the type 


fi 9 9 Ti + in Î + ix x 
vene i 


for the Fourier transform of the vacuum expectation value: 
S'(a, a") = <0|{w(2), P(e1)}|0) . 


This result should be calculated, at least in principle, from the theory itself. 

The form of S’ requires obviously a quantization by means of an 
indefinite metric, since according to LEHMAN and KALLEN [39] S’ has other- 
ways the form 


So) dx? S(x°) with Ole 08 


39. Markovs proposal. — In two consecutive papers [21-22], MARKOV È 
considers field equations, where instead of the usual quadratic form s? = — Di 
the modified s’? =— (4° + a?) stands, where a2, an invariant, characterizes 
the mean extension of a field particle, which may be different, and charac- 
teristic for different particle families. Since the substitution 


ti 


i 


s! 
I E 
Hog? 


Just produces s’?, for the simplest massless scalar boson particle the « extended » 
particle free field equation was proposed to have the form 


qg=0 


and quite similarly for more complicated particles. This leads to the conse- 


| INDEFINITE METRIC IN QUANTUM FIELD THEORY 


‘quence that the Green functions of this theory are the ordinary ones, but - 
La every where s'? stands instead of s*. Thus, for example, 


i= D (s”) = toe. n so”), 


; 7 ali acy el È) . Se. 
î D* + D!(s'2) = oh, foun exp [tka’] dk = mf (s'"x) da , yaa 
\ 0 “0 
Ri 


= a ll exp [ikx'] ni 2 - 
DDA = [008 (8 
> D (s'’) P| Pe dk iz | 95 (sa) da , 
0 
i ì ; 1 foo} 
n= D,(s") = D +i pi = ia | [ias’*] da . 


Pai 0 


| From these D'(k) defined by _ 


f 1 2 
>" D'(k) = —— |p! j 
P (k) IE (x) exp[ika]dx : 
a ; 
is 
4 92 R a? 3 A % 
4 D: SETA SRO a 
î (0) a ae (Hi ra as Si 
| But, on the other hand, . Sa 
FÀ È 
D(a) = [pra exp [ika]dk =| Jove ou x?) D'(— x?) exp [ikx] dk = o » 
i =| dx? o(x2) A), : 
where 3 
4 : wi a? 1 n. Lian) su 
NIE SIA) ema VI IA, (853 TA) Re : f eel 
} e(x*) = (2r)*D!(— x?) = [eos ( Bp a) = Ot) he Re . tg 
La 0 eo, 
/ = 
{Since 0(%°) may also be negative, referring to the Lehman-Killen theorem, a 
Markov stresses that this is a theory with indefinite metric. x a 
This is, however, not at all certain. In this theory one possesses an energy- = 
Momentum four-vector with the property “ig 
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which also violates the conditions of the Lehman-Kallen theorem and makes 
everything understandable without using an indefinite metric. 

Whether an indefinite metric is unavoidable here or not would be quite 
clear only ofter treating interaction problems; these questions are, however 
not yet worked out in detail. Our opinion is that in this theory it is not 
necessary to introduce an indefinite metric. We will not deal with this pro- 
posal in the following since without the inclusion of an interaction one cannot_ 
yet form a definite judgement. 


3°10. Froissart’s model. — In this part we treat a simple relativistic field 
theoretical example given by FROISSART [23]. This model serves for the better 
understanding of the « pole-type» ghost states, one of which, with the dipole 
ghost, we have met already in the Lee model. This model is of a quite dif- 
ferent type, but relativistically invariant. 

Let us start with the Lagrangian 


L =—(0,A0,B + 2AB + 7842) 


where A and B are two scalar fields. From this Lagrangian, following the 
usual way, the field equations and the equal time commutators are given 


(O—wA=0, (O—-p)B= 224, 
[A, A] = [B, B] =[A, 4] =[4, B]) =[B, B]=0, 
[ A(x, t), B(x’, t)] = [B(, 1), A(x’, t)] =—10(% — x’). 


The solutions of the’ field equations are 
n Î 
A(0)= 40) = > | 5 (lle) exp [ike] + a*(k) exp [— ik), = — ps, 
DE 
B() fi B.(2) = ue? (1+ 2, 0,) A,(&) ’ 
si i : 
B.(0) = ee (b(k) exp [tka] + b*(k) exp [— tke]) , ky, == 14 
The equal time commutator are satisfied if 
(3.42')  [a, a] =[a, a*] = [b, b] = [b, b*] = [a,b] = 0, — [a(k), B*(k’)] = dae 


From these 
[A(a), A(w’)|=0, [A(x), Be)]=iAMa—@"), 


[B(x), Bia’)) = is [2 + (#,= 4) On| A(a — wv’) = 244 a A(a — a'). 


814 
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An energy-momentum operator can be defined by 
[P,, 4] = 13,4 , [P,, B] = 10,B, 


which in momentum representation is: 


(3.43) TSI A) + b*(k)a(k) + = a*(k)a(k)} x 
è From (3.43) it follows 


(3.44) tape eee {B Oe = Ad. 


Now we define the vacuum state |0> for which P,|0) =0. This is satisfied 
if as usual 


a|0> = b|0> =0, <0|0) =1. 


«. The one particle sector. 
There are two one particle states 


|1, 0> = a*(k)|0>, [0,19 = b*(k) OD. 


From (3.43) or (3.44) it follows 
72 


(3.45) (P,— k,)|1, 0 =.0, ar k,,) Ode ui Bult, es, 
~ and from (3.42) 
(3.46) I, 0|1, 0) = <0, 1 |0, 1b = 0, “I, 0/0, 1> = ue 4 


showing the typical dipole-ghost character of |0,1>. In this one particle 
sector, the «minimum polynomial » is 


(P,—k,)*. 


fp. The two particle sector. 
The two particle eigenstates are 


|2, O> = a*(k,) a*(k,)|0> , |0, 2> = b*(Ky) b* (Kea) |0> , 
[1,1) = a*(ky) b* (Ke) [0> . 


815 
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From (3.43) these satisfy 


1P (ki, nia ky} |2, 0) = 0, 
©,- &+}11,1= 242,0), 
{Pu (+ ka)}|0, 25 = È {hina (Hey) B* (Kea) + kf,b*(k1) a*(k)}|0) . 


Thus |1,1> may be called dipole; |0, 2> tripole ghost. From (3.42) 
<2, 0/2, 0> = <2, 0|1, 1 = <0, 2/0, 25 = 0, 


(3.47) <1, 1/1, 1) = 6,,6 


ki 
(2,00 25 = Ong Oe ae Onn, One, : 
In this subspace « the minimum polynomial » is 
(Pb a ki} . 
These results are in agreement, of course, with the general principles. 
Indeed let us suppose that there exist three state vectors, defined by 


Kelty 9 


(H —E)|1y =0, 
(H — E)|2) =|1>, 
(H — E)|3> =|2). 


In this case <1|1>) =0, since just this was the necessary condition of the 
system of eingenfunctions being incomplete. From the third equation 
<1 |(H — E)|3> = <1]2>, from the first <3|(H@ — Z)|l = 0. Thus <2|1> =0. | 
But in this case <1]3) # 0, since the metric is non degenerate. Now from | 
the third equation <2|(H — E)|3) = <2|2), from the second <3|(H — E)|2>= 
= 3[1>. Thus <2|2> = {1]3) = real number # 0. From the third equation 
<3|2> is real and may be = 0, and also <3|3> =0 without violating the — 
requirement of the non-degenerateness of the metric. i 
The higher sectors of the above model can be treated similarly; there 


newer and newer ghost states emerge, with higher and higher «pole order ». 


4. — Ghost contributions to propagators. 


Previously we have seen field theoretical examples for field theories with 
an indefinite metric. There were several examples among them in which we 
have referred to the Kallen-Lehman spectral representation of the propa- 
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gators. Since, besides, in field theories the propagators play a central ròle, 


we study here the gost state contributions appearing in the spectral repre- 
sentation of the propagators. 


41. Contributions from ghosts of known types. — In this part we treat the 
different possible contributions to the propagators arising from ghost states 
which we have discussed earlier. For the sake of simplicity we treat the 
situation in the case of a relativistic hermitian scalar (pseudoscalar) field ©; 
the results can be, however, quite easily generalized to other cases. For the 
calculations the Kallen-Lehman technique is applied, in the spirit of which 
the Heisenberg picture is used throughout. 

We suppose that there exists an energy-momentum tour vector with the 
properties: 


(4.1) ea g] x 10.9 , [Pi ve) "a, 0, PIP Po Big 


and that therefore the P, can be diagonalized simultaneously and we assume 
a non-degenerate metric. 
Now, according to the general discussions given in part 2, there are two 


possibilities : 
(i) the system of the eigenfunctions of P,, is complete; 
(ii) the system is not complete. 
We treat case (i) first. In this case there are also two other possibilities: 
(a) all the eigenvalues of P;, P, are real; 
(b) some of the eigenvalues are complex. 


Let us pick up one eigenvalue p with p° = — M° where —M” is the square 
of the four eigenvalue, and suppose p,> 0 because the eigenvalues of the 
energies are positive definite (cfr. (3.7’)), and let us treat the case (a) 
first. 

Since the metric is not degenerate, one can always orthonormalize the 
eigenvectors corresponding to P, to +1. Indeed, if there were one eigen- 

. vector |p)° with zero norm, assuming a non-degenerated metric, one has to 

find at least one other vector |p)' which is not orthogonal to |p>°. Accor- 
ding to (2.2) |p>’ has to correspond to the same eigenvalue p,: From the 
combination of these state vectors, one can always build up two orthogonal — 
eigenvectors with norms -++1 or —1. The orthonormalization procedure d 
can never break up, for we have assumed the metric to be non-degenerate. in 
Considering now that in this case the unit operator i 


1=% |p, «(+ 1)<p, «| 
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where « denotes the other indices necessary to specify the state, one obtains 
in the usual way 


A'= <O|[ p(x), p(x") ]|0> = | o(%2) Ala — a; x2) de, 
but 
o(x?) = 0. 


If there exists one stable particle state p? — — 2 with the norm SOs 
course o = + 0(K?— p?) + o(x?). 

Consider now the case (b) and a fixed complex eigenvalue p. The corre- 
sponding eigenvector |p>, because of (2.1) has zero norm. Assuming non- 
degenerate metric at least one state vector non orthogonal to |p> necessarily 
exists. This, considering (2.1), corresponds to the eigenvalue p*. Thus, if 
the metric is non-degenerate, both p and p* are eigenvalues. The pro‘ection 
operator to this subspace has the form (cfr. (3.42)) 


pa 12". PI 
<p*|p> ' <p|p*) ? 


where P,|p*) = pi | p*> and since p is complex, A’ is of a « decaying » type. 

In the case of (ii) we may find also the two possibilities (a) and (b). 
Considering only real eigenvalues [40] because of (2.7) an eigenvector with 
zero norm necessarily exists. 


(4.2) (B,—b)|pY=0, <plp=0, p=—p, p>0. 


For completing the vector space one has to add a state of type (2.8) (dipole 
ghost state) defined by 


(4.3) (P,—Dy)|pD) =¢,|p>, <pD|pD)=0, 
where because of relativistic invariance 
CTP) py. 
This is obviously the relat'vistic generalization of the definition of a dipole 


ghost state of the type (2.8) (cfr. eq. (3.45)). Since the metric is non- 
degenerate 


PD |p) = yy, a #0, 


but, since both vectors have zero norm, the values f and a are arbitrary. 
Nevertheless, since <pD|P|pD) must be real, fa is also real. In this case 


ao 
bond 
ao 


a 
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the pro‘ection operator to this subspace is 


pay {iPr a Perl 


a 


and therefore the contribution of these states to A’ is 


Ji 
ASX {Olwla) wD» 7 lo) + Oral) 2, PDI (a) |0>| — e 2). 
From (4.1) and (4.2) one obtains as usual 


<0| g(x) |p> = <0|p(0) |p> exp [ipa] , 


but from (4.1) and (4.3) 


<0 |9(@)|pD> = {<0]9(0)|pD) — é6,,<0|9(0)|p}} exp [ipa] 


showing the peculiar « dependence found already in the Lee model (eq. (3.41)) 
and also in Heisenberg’s theory. Substituting the matrix elements into the 
expression for A’ and requiring relativistic invariance, it follows 


A'(a — x')~ 0, A(@ — a’) + C,(% — w'), 0, A(a — x’) , 


C,, €, are real, 0, may also be negative, sign 0, = sign fa. Taking the Fourier 
transform, the form of the contribution to the states of the type (4.2) and 
(4.3) is 


(4.4) A'(p)) ~| feat) + eat) ile, 


a 
Pte 
both functions 0, and 0, may be negative. 

In the case of a non-complete system of eigenfunctions with complex 
eigenvalues, the properties of the two previous cases appear together. 

Contributions from ghost states with higher pole order can also be cal- 
culated in a similar fashion [32]. 


42. Contributions found by certain approximation methods. — As it was 
already frequently mentioned, if there are only normal states, according to 
the Kallen-Lehman’s results the meson propagator, for example, has the 


general form 
A | a(x?) dx? 
a 
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In this equation o(x?) is a real and positive function for x < #2<00 where 
x> 0. The propagator, therefore, has a pole at p?= — x? and a branch-line 
going from x} to +oo. Using a certain approximation method, considering 
only those diagrams for the meson propagator, which can be represented by 
inserting an arbitrary number of second order nucleon loops, an expression 
can be obtained for Di which has an additional pole. It was pointed out 
that A’, obtained in this way can be rewritten as a well behaved (in the 
sense of Kallen-Lehman theorem) part, and an additional contribution. This 
was called ghost contribution [41-43]. The reason of the appearance of this. — 
additional contribution (since, of course, an exact solution is not known) 
may be: 


(i) the exact consequence of the field theory; 


(ii) the exact solution is not defined in a conventional field theory 
thus one may add additional postulates eliminating the unnecessary contri- 
butions. 


(ili) the result of a bad approximation procedure. 


The cases (ii) and (iii) are out of our interest, and by an appropriate pro- 
cedure one may eliminate tlie ghost contribution. In the case (i) one pos- 
sesses presumably a theory with indefinite metric as we have already men- 
tioned in Sect. 3°7. In this case, if the unpleasant contribution is eliminated, 
the propagator thus obtained corresponds to a field-theory which is different 
from the one with which the calculation was started. 

It was shown by MEDVEDEV and POLIVANOV [44] in the case of the Lee 
model discrete ghost case, that by omitting the ghost contribution from the 
propagator, the resulting new propagator corresponds to a Hamiltonian with 
a cut-off function f(@) for which the contradiction (3.18) does not occur, i.e. 


aw. »| f(@)k? dk 
fs tank 20(E — a) 


|e|= edi 


5. — Difficulties connected with the probabilistic interpretation. 

In this part we discuss the difficulties, which according to Sect. 2°3 arise 
or may arise in a theory with an indefinite metric. Proposals for eliminating - 
these difficulties will also be treated. 


91. Decomposition of the state vector space. — We have seen that state vectors 
with positive or zero norm lead to difficulties. Therefore one has to consider 
some decompositions of the state vector space into « physical» and «non- 
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’ 


1=Dlit)@+]—Zli) «| 


‘ gives a decomposition to two subspaces #, and #.. AH, spanned by |i+), ... 
is a Hilbert space, #_ a vector space with negative metric. The decompo- 


x. sition is, however, obviously not unique [45-46]. Indeed, let, for example, 
% 

a, 

È MEP V2A+>F]1>, \-<atla+)= 1, | 

4 3 <a+la—> =0 

> la—> = v2|1->)+]|1+); <a—|a—> = =1, | | : 


» then |a4), |2+>,...and |a—, |2—, ... give another decomposition. There- 
fore we need some other information to obtain a definite decomposition. 
But we want to describe the real world, or in model-theories, we wish to 
. maintain the maximum number of the original features of the model. The 

decompositions thus obtained are called natural decompositions. The subspace 
«x containing only physical states will be denoted by %, (in Heisenberg’s work H D 
the complementary subspace #—%, by %,, with corresponding projection 
operators P, and P,, respectively. Then 


S a 
Now we treat the decomposition in the examples discussed in Sect. 3. 


A 3°3. Electromagnetic field. — Since longitudinal and scalar photons are unob- 
servable, the state vectors 


|N,, V2, 0, 0> span the space %,, 
(Ni, Na, Ns, N, Ns #0, N £0 or both, span #%, . 


- A state satisfying the Lorentz condition is called an element of the Lorentz. — 
set. For such a state 


(5.1) SST Seay aM Re Ay) Mead At N 


3°4. Higher order theory. — Since gy is a regularizing auxiliary field, its 
particles are not observable. Therefore 


|N0, 0» span the space %,, 
|N,,Ni>, Ni #0 span #,. 


physical» subspaces. Let the vector space be spanned by |i, .... Then : 


i, A eee 
| i ì 
n “ wi 
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3'5. Auwiliary field. — Here the decomposition is obviously the same as 
in the previous case. 


3°6. The Lee model. — This is a model theory in which different natural 
decompositions may exist. First, of course, it is possible that the bare par- 
ticle states 


|0, Nyx, Ng span the space 7, 


(No Nino Nod Ny # 0 span 2%, 


similarly as before. Later, when we treat the possibilities of the probabil- 
istic interpretation we treat another even more important decomposition. 


3'8. Heisenberg’s theory. — States giving the contribution of the type 


Y uP ut? = VuP u + ix 
(p*)? p° 


(5.2) 


y) 


are elements of #,: Those, resulting normal contributions, span the space 7. 


3°10. Froissart’s model. — The energy-momentum four-vector P, is meas- 
urable. Therefore its eigenvectors 


|, 0> span the space 4, 
|N. ALY, Me pan 
52. Probabilistically interpretable and non-interpretable theories. — So far 
we have discussed the decomposition of the state vector space into physical 


and non-physical subspaces. Now a theory is probabilistically interpret- 
able [46-48] if it fulfils: 


(i) a real physical state of a system considered, say, at the time f, is 
‘described by a state vector |h,}), €71, and 


(ii) if |iM=|tby then Jty= [t,4|#), for each t so that es 
Sta == 0% 


Since the energy is an observable, it is represented by a hermitian 


operator H = H*. Therefore, according to the Schrédinger equation, the norm 
is conserved i 
.djt i 
pe ri <t|t) = const. i 


di 
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But the physical part of the state vector is only a distinguished component 


of the whole vector, therefore it satisfies another equation, namely (taking 
expediently the interaction picture) 
sd, _ 


(5.3) ig = (PoHOP,+ WW)», 


if dP/dt=0 and |— co), = 0, where 
W(t) = P,H(t)P,U(t)P,(P,U(t)P,)> . 


H(t) is the interaction Hamiltonian, U(t) is the evolution operator |t) = 
= U(t)|— oo), U*(t) U(t) =1, which is supposed to exist at least formally 
for the whole theory. (P,U(t) P,)-! is defined by 


(P, UP,) P, UP, = P, UP, (P, UP,) =P, . 


P,H(t)P, is hermitian, W(t) in general is not. This makes the norm of |t>, 
change in time. (The situation is obviously the same also in a vector space 
with definite metric; cfr. e.g. the complex potential of a nucleus considering 
only one reaction channel.) The solution of (5.3) is, of course, 


a Pap, 


In an S-matrix theory the postulates (i) and (ii) have to be fulfilled only 
for tj =— co and t= + co, therefore there is no problem with negative 
scattering probability in a theory, where 


(5.4) Sd PIStP.SP;|>,=1, provided - ,g|),= 1 


|>, is arbitrary in 4. 

We now show that quantum electrodynamics, Froissart’s model, are proba- 
bilistically interpretable, and discuss the Lee model dipole ghost case and 
Heisenberg’s theory. 

It is not difficult to prove [49] that in quantum electrodynamics if |— 00) 


is an element of the Lorentz set, |+-co> becomes also an element. Therefore 


considering (5.1), (5.4) is fulfilled. 

The Froissart’s model is interpretable, but obviously trivial. Considering 
the decomposition in the last paragraph and that A(x) satisfies a free field 
equation, the states |N,0) are stationary. 

In reference [23] some other speculations are also given on what happens 
if the fields A(x) and B(x) are certain asymptotic (in- or outgoing) fields in a 
theory with an interaction. Considering the four momentum conservation 


n 
a 
ao 
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theorem, which the particles of the field B do not fulfil, it seems that the 
probabilistic interpretation here also can be maintained. 

The Lee model dipole ghost case is interpretable only if in the higher 
sectors bound states with negative norm do not appear. This can be seen 
most easily by considering in the initial and final scattering states not over- 
lapping wave packets of real particles, which, on the other hand, are broad 
enough to be considered asymptotically as eigenstates of the total energy H 
with additive eigenvalues. If now in the initial state there is no dipole ghost 
wave packet (i.e. |— co)€H,), the energy conservation forbids its appearing 
also in the final state; the dipole ghost being not an eigenstate of H. Thus, 
according to (3.40), negative probabilities do not occur. The same is true 
also for the modification of the Lee model [31], but only for the tripole ghost 
case [32]. If, however, there are bound states with negative norm in the 
higher sectors, the above reasoning fails. Such bound states were indicated 


ee iti a mr att 


in the case of the «deuteron» problem, i.e. in the sector {V.N, NNO! by 


VAKS [50]. 

In Heisenberg’s theory we can apply the same reasoning. States giving 
the contribution (5.2) cannot be eigenfunctions of the energy momentum 
four-vector, since if they were they would give a contribution of a normal 
type. So they do not appear in the end state, if initially the state was a 
normal one. Here, however, one has to be careful. Heisenberg’s propagator 
is similar, but not identical to the propagator of known types treated in 
Sect. 41. Therefore some of the general principles proved to be valid so 
far might be violated. Anyway, if in this theory a propagator of the type 
(4.4) were accepted, the theory would be probabilistically interpretable. Indeed, 
recently, Mrrrer [51] in a certain approximation has obtained a propagator 
in this theory — different from (5.2) — which really corresponds to a dipole 
ghost. : 

The other theories treated in detail in Sect. 8 are not probabilistically 

interpretable. For most of them this is quite obvious; we treat here only 
the Lee model complex ghost case (cfr. reference [16]) using similar simple 
considerations as in the dipole ghost case. 
Consider the scattering 30 on 2N. The initial energy eigenvalue is then 
real. In the end state then beside the state |2N, 30) the wave packets | A> 
around the point let us say «,, |A*> around the point #, + one @ packet may 
appear and the converse also happens. Since the eigenvalues ZF , and E,. 
are complex Conjugates, thus the whole energy is real. The superposition 
of these states C,|A(a,), A*(#), 0) + O,|A(x»), A*(x,), 0) both having zero norm 
but being not orthogonal may give any norm different from zero, positive 
or negative. The situation in the discrete ghost case is of course even more 
simple owing to the fact that there the ghost state with negative norm has 
a real energy eigenvalue. 
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52. Proposals for eliminating the difficulties. — We have seen that among 
the different field theoretical examples — and with the exception of quantum 
electrodynamics — only the « pole ghost» type theories are probabilistically 
interpretable. Since theory and experiments in a quantum theory are con- 
nected just by the probabilistic interpretation, therefore either we give up 
the other type of theories as unphysical or try to modify them in order to 
obtain an interpretable theory. In the following several modifications will 
be mentioned. 

In a non interpretable theory (5.4) was not fulfilled. Therefore if we want 
to obtain a probabilistically interpretable theory also in this case, we have 
to construct in a reasonable way a « physical » S-matrix, different from P,SP 
with the property (5.4). 

A sufficient condition to the filfulment of (5.4) is, of course: 


DI 


(5.5) SS = P,.. 


‘(For the special case of the Lee model discrete ghost case, such an $ (in a 
non-unique manner) was proposed by FERRETTI [52]. In the following we 
treat in detail only the prescription of BOGOLJUBOV et al. [18-20], which can 
be applied to each theory. The decomposition of the state vector space in 
this case is just the same as that given in Sect. 5'1. 

In quantum electrodynamies the non physical part of a state vector may 
be quite arbitrary, provided it is an element of the Lorentz set. In the 
general case of a non interpretable theory, Bogoljubov assumes in contrast 
to this that the non physical part |),= P,|) of a state vector at t = — c0 
is determined by the physical part by means of: 


(5.6) |-00),=N]|— c0),,  P,NP,=N, 

with an appropriate N. In this case 

(5.7) |+ 00>,= P,|+ 00) =P, S(P,+N)|—co>,, ieS=P,6P,+N). 
N has to be determined from (5.5). This, however, does not determine N 


uniquely. Because of this arbitrariness, it was shown [12, 53] that certain 
types of theories possessing a higher order Lagrangian, if these prescriptions 


are applied, are equivalent to non local theories in the sense that they give 


the same scattering probabilities, if N is appropriately chosen. Bogoljubov 
proposes the following procedure for determining N. The norm of the whole 
state vector according to Sect. 5°2 is, of course, conserved. The norm of the 
physical part alone also will be conserved, if |— co>),+ |-+ co>,=0. From 
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the definition of the physical and non-physical parts and from (5.6) it follows 


0 =|+ co), + N |— o>, = P,S |— 00) + N|— 00>, = 


= {P,8(P,+ N) + N}|— 09, 
from which 


(5.8) N= = (PSP, + Py oe, Ses 
and the physical S-matrix 
(5.9) S=P,S[P,— (P.+ Pu ST P,SP,). 


MEDVEDEY and PoLivanovy have shown [20], using the field theoretical model 
described in Sect. 3°5, that from (5.9) finite results can be obtained. 

According to (5.6) and (5.8) the preparation of the initial state in this 
proposal depends on the process to be studied. Therefore MAKSIMOY has pro- 
posed [54] another procedure for obtaining another physical S-matrix in form 
S = USU*, where the operators U and U* serve to project the state vector 
before and after the scattering (led by S) so that the norm of the physical 
part should be conserved. He has not succeeded in solving the equation 
for U obtained from this requirement in general, therefore this method was 
applied only to the Lee model, and, essentially, to the example treated in 
Sect. 3°4. 

When the physical S-matric is somehow constructed and we have itin 
our hands ready for use, the whole non-physical subspace becomes irrelevant; 
we have a theory which works in the physical subspace 4, with positive 
norm only. It was shown [53], for example, that it is possible to construct 
a complicated hermitian operator from the pro'ection operators and from 
‘ H(t) and U(t) and its inverse, such that if it were substituted for W(t) in (5.3), 
through an always norm-conserving process, just the physical S-matrix (5.9) 
could be obtained. The presence of operators of the type P,U(t)P, shows 
that here an (extremely complicated) non-local theory is obtained. Thus 
such modifications become equivalent to non-local field theories, in which, 
however, the metric is positive definite [19]. Cfr. [48]. 

Non-local field theories usually lead to non-causality. Indeed, Bogoljubov’s 
original assumption was confirmed by SLAvnov and SUKBANOV [55]. They 
have proved that even the « weak » causality condition 


Sg. +9) ~ Sx) S(g) 


cannot be ensured for those proposals, if the following requirements are made: 
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(i) relativistic invariance; 

(ii) unitarity: SS* = P,; 

(iii) S should be constructed of S and the P-s. 


In (5.10) g(v) measures the strength of the interaction, g, and g, means 
that the interaction is switched on for the space-time regions 7, and Ty: The 
asymptotic equality (weak causality) should be valid at least if I, >I, i.e. 


| if the region in which g, is different from zero is located far later in time, 


than that where g, is different from zero. 

The reason why it is impossible to obtain a causal physical scattering 
matrix is, essentially, that the physical part of a state vector is only a distin- 
guished component of the whole vector, and although the change in time 
of the latter is a causal process, that of the distinguished component alone 
seems to be not causal. 


6. — Conclusion. 


In this paper we intended to give a short summary of the results obtained 
in quantum field theories with an indefinite metric. We wished to give here 
a complete list of references published until the first half of the year 1960. 
The author wants to apoligise if some paper has not been mentioned due to 
the fact that he did not have the opportunity to get a copy of it. 

We have seen that, except quantum electrodynamics, where the additional 
Lorentz condition eliminates the difficulties, only theories with a pole type 
of ghost are physically acceptable. The other theories are not immediately 
probabilistically interpretable, and attempts to eliminate this obstacle have 
run into difficulties in connection with the causality principle. Therefore if 
this line proves a fruitful one at all, further results can be expected mainly 
from theories with pole ghosts. According to the considerations given espe- 
cially in Sect. 4°1 it is not excluded, that in this way a finite and at the same 
time probabilistically interpretable field theory can be obtained. From this 
point of view Heisenberg’s theory intends to follow just this line, 


The author is greatly indebted to Professor B. TouscHEK for his interest, 
encouragement and helpful criticism and to the Scuola di Perfezionamento 
in Fisica Nucleare dell’Universita di Roma for financial support. 
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ContENYS. —- Introduction. — 1. Outline of the theory of {-decay.— 2. Theo- 
retical aspects of the double {-decay. - 3. Experimental results on the 
double f-decay. 1. Counter experiments. 2. Cloud chamber experiments. 
3. Nuclear emulsions experiments. 4. Experiments with chemical methods. 
4. Mass and nuclear structure of suitable isotopic triplets. 1. Informations 
about the energy of the nuclear states. 2. Nuclear structure. 3. Possible 
double f-transitions. — Conelusions. 


Introduction. ' 


Renewed interest has been raised during the last few years in the process 
of the double f-decay, which is sometimes regarded as fairly important for 
the understanding of the structure of weak interactions. No sound conclusion 
can be drawn so far from the comparison of the theoretical predictions with 
the experimental results. Amusingly enough, most of the sources of uncertainty 
have nothing to do with what one would like to know, namely the form and 
the properties of the Hamiltonian responsible for weak interactions. 

It is well known that the double f-decay consists of the spontaneous 
disintegration of a nucleus (A, Z) in the nucleus (A, Z-+2). This transition 
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is accompanied by the simultaneous emission of two electrons (or two positrons) 
with or without emission of neutrinos; which of the two alternatives takes 
place in nature is precisely the problem we are interested in. The transition 
(A, Z) > (A, Z— 2) can occur also through a double electron capture or 
through a single electron capture and a single positron emission, again with 
or without emission of neutrinos. 

A large number of experiments, stimulated by the well known neutrino- 
antineutrino puzzle (i.e., whether or not they are different entities), were 
carried out whit different techniques. The decreasing values established as 
maximum activities for double transitions were often regarded as an ex- 
perimental evidence in favor of the existence of physically distinguishable 
neutrino and antineutrino. The situation has become more complicated in 
recent years, expecially after the discovery of the non-conservation of parity 
in weak interactions, due to new suggestions which have been made (or revived) 
as to the nature of the neutrino and the structure of the Fermi Hamiltonian. 
As we shall see. presently, experiments on the double f-decay are, by 
themselves, not sufficient to discriminate between the different possibilities. 

The present authors believe that a general review of the problem of double 
B-decay with some theoretical and experimental remarks and suggestions on 
the more important points should not be completely useless for the future 
improvement of searchs on this phenomenon. 

In the first part of this paper we have summarized those main features of 
the Fermi interaction that seem important for a clear understanding of the 
theoretical problems connected with the double 8-decay. We have then discussed 
the phenomenon of the double 8-decay both from the theoretical and from the 
experimental point of view, taking into particular account the possible improve- 
ments of the present results. Problems connected with the mass and the 
structure of the nuclei, and the overall situation, as it appears to the present 
authors, are briefly presented in the last part of this paper. 


1. — Outline of the theory of f-decay. 
Weak interactions can probably be fairly well described, at least in the 


short range of energy which is relevant for the decay of nuclei, by the phenom- 
enological Fermi Hamiltonian density. 


5 
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y°(a) = 0-19(x) represents the solution to the Dirac equation charge-conjugate 
with respect to y(x); we recall that the matrix C has the property vi =— Cy, 0A. 
The y,(v) are operators which create a particle of type «i» or destroy the 
corresponding antiparticle. The fs are coefficients which characterize the 
strength of the interaction; their dimension is the square of a length, in units 
in which h=e=1. We use here the notation of [1]. 

There is no a priori reason why the neutrino and the antineutrino should 
be different entities. If they are not, namely if y,(0) = C'y, (a), the neutrino 
will be referred to as a Majorana particle. All coefficients in equation (1.1) 
may, in principle, be different from zero. We assume invariance of the theory 
under time-reflection so that all coefficients can be taken real. 

The possibility of an interaction through an intermediate vector boson 
has been presented many times[2]. The conclusions we shall draw with 
regard to the double f-decay would not be changed in their essence if the 
formulation with an intermediate vector boson were chosen instead of the 
« direct » one; we shall therefore restrict ourselves, from now on, to the latter. 

We shall assume that the mass, m,, of the neutrino is zero, and mention 
briefly the consequences of m,40, when relevant. It is easily seen that, if 
primed and unprimed coefficents are both different from zero, non-conservation 
of parity follows. In those experiments in which no effort is made to distinguish 
between neutrinos and antineutrinos, the condition under which no parity- 
violation effect is observed is slightly weaker [3]. If coefficients with index 
I and II are both present, the number of leptons is not conserved. 

Instead of dwelling on the different results one should expect from the many 
possible choices of coefficients, we shall concentrate on three particularly 
Symmetric ones, which appear to be most relevant. 


a) fx=fu=0, v 4% (This is a short-hand notation for y,(0) ACH, (a)). 
The neutrino is a Dirac particle and leptons are conserved. This means that 
if to each lepton (v, e-, ...) is attributed a unit of an additive charge N,, and 
to each antilepton minus one unit, the total charge N, is the same in the 
initial and final states of all physical processes. 


b) v=v. Lepton conservation is here certainly violated. It is worth 
emphasizing that condition b) is meant to mean: PU, #)= exp lig P (E 
where P(I, F) is the transition amplitude from a state I to a state F, pan 
arbitrary phase factor, I’ and F’ states which differ from I , and Y respectively 
only because, in their construction, neutrinos have been substituted for anti- 
neutrinos, and conversely. 


c) The neutrino is a « Weyl» particle: i.e. the one-neutrino state is 
described by an irreducible representation of the Lorentz group which contains 
(only once) a Weyl representation. This would formally correspond to the 
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eo ed Bee t-=—fy=f' [4-6]. This possibility arises when m,=0; 
in this case the solution to the Dirac equation has not only a representation 
through a spinor with four components, as appropriate to the Dirac and Majo- 
rana cases, but a representation whith two components or Weyl-representation 
as well. Two possible states are associated with a definite momentum; they have 
opposite helicity (*) and are interchanged by the operation of « charge » conju- 
gation. They describe therefore a particle-antiparticle pair (which one is 
chosen to be the particle is of course a matter of convention). The theory is 
not invariant for a inversion of the space axes; in fact, this operation cannot 
even be defined (applied to the state of a neutrino it would give a neutrino 
state with « wrong » helicity, which does not exist in the framework of the 
theory). In this formulation of the Weyl theory conservation of leptons is 
ensured, and, in particular, the transition from a state which contains no 
leptons to a state which contains two electrons and no neutrinos is forbidden 
(f= 0). If another solution to the Weyl equation is introduced, the helicity 
state previously called neutrino being now called antineutrino (and conversely), 
and the four resulting states are arranged in a suitable way, case a) is repro- 
duced. Inversion of space axis now leads from one to the other type of neutrino. 
Tf moreover neutrino «one» is identified with antineutrino «two» (thus 
introducing a maximal non conversation of lepton number), the Majorana 
case is reproduced. This statement is sometimes referred to as (formal) equi- 
valence of the two formulations. 

We would like to present a survey of a very elegant treatment [1, 3, 7-8] 
of processes due to weak interactions which, although not sufficient to derive 
quantitative results, exhibits most of the qualitative features in a rather 
compact form. Consider the canonical transformation 


(1.2) p' (x) = ayy(v) + byysC-*P(@) + aeysp(@) + bl !P(2) , 


24 |as|®+]b|}+]|b.}}:=1, 


where | ay 
@,0.— boa, = 0, Re (a,a;) + Re (b,b;) = 0. 


If the mass of the particle represented by the field is zero, this transfor- 
mation leaves the corresponding free field Hamiltonian invariant. We shall 
therefore use this transformation for the neutrino field. 

An elementary computation shows that the canonical transformation 1s 
equivalent, for the interaction Hamiltonian (1.1), to the following linear 


(*) The helicity is +1 according to whether the spin is parallel or antiparallel 
to the momentum. No other direction of spin is available for a particle with zero mass. 
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transformation of the coupling constants: 


fui >a cosafi; +b cos afr,i + ia* sin af; + ib* sin xfi, ’ 
fn > a* c0s af, + b* cos af; + 1b* sin of,,, — îa* sin ofp, , 
(1.3) fr: — a* cos af, + b* cos afi; + ia sinafr; +ib sin «lirsta 
fn. > a* cos afn,; + b* cos «fi; — ia* sin aftr; +ib* sin af; , 
IVI ae bis x = — arctg (- =| 
1 


Introducing the combinations 
LD ee ie ) Gi =Iut ia D 
Fire =lma han da = fiat hes 
the linear transformation (1.3) takes the form 
Fy, > aexp[—ta]F,;+bexp[— ia] F,,,, 
G,, > a exp [ia]G,,+ db exp [ia] G 


In”) 
TS: 
i Ta exp [ia] Fri mai exp RZ Ein 


Gi,;i > — b* exp [ia] G,; + a* exp [ia] Ga: 
It is rather easy to check the invariance of the quantities 


(4) F, Fî aie Piel ts G, Gt + Gada Poa PG, ? 


under (1.3). It is also easily seen that, in the group of linear transformations 
(not including therefore complex conjugation) only the subgroup (1.3) leaves 
invariant the quantities (1.4). The invariance of (1.4) characterizes therefore 
completely the trasformation (1.3). 

We now recall that, if a canonical transformation leaves the initial and 
final states invariant, the transition amplitudes must also be invariant, apart 
from a common phase factor. In our case this implies that the transition 
between states which are left invariant by the canonical transformation (1.2) 
can only depend on those combinations of the coefficients (1.5') which are 
invariant up to a phase factor. Two combinations which acquire different 
phase factors cannot appear simultaneously. The three invariants (1.4), written 
in terms of f,... etc. take the form 


st ka * * Ie gt 

3 whe 2") Ki; Ka, ta Ti ae Fritti = [uo , 
È rh Bs ky I eh 

2 (1° 2°) Li Li; hihy i hit tortor ca RE. 2 


Simmetric part of 3" = I;5=1,;= tru + fol + ia; ah iets 
Antisymm. part of 3" = J,,=— Ji = a Sa Tolo = fay = ie ; 
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For completeness we list here below the invariants up to a phase factor and 
their transformation properties 


VA II e PI M.;;> M,,; exp [— 2ia], 
Ny = FP oy; — Fuk = — Nii Ni; > Nj; exp [— 2ia] , 


Niji, Ac dl = R 
Ni; = GaGa Gion =—N; 


TR VE = 9; 
ad NONE exp! 2iec|/. 
We notice that, if the neutrino is a Dirac particle and if lepton number 
. LA . 
is conserved, one has f,.,= f,;,= 0. In this case, therefore, I=J=N=N"=0. 
The Majorana case is obtained with the choice 


1 ! TÀ 1 Ù 
far fe = gle fis = fas = Gato 
therefore 
TE Ene Le hh eile 


As already noted the two components neutrino theory appears formally equi- 
valent to the Majorana case if maximal non-conservation of lepton number 
is postulated; if conservation of lepton number is required one has f,= js 
or fie=f, the same sign holding for all «7» if interacting neutrinos are 
to be regarded as the same particle (*). Therefore in this case too 


I;;=Ji=Nij Ni 0. 


Let us finally mention the situation in a theory [13-14] in which the neutrino 
is treated as a Weyl particle but the Hamiltonian is slightly different from (1.1). 
We whall consider only interaction between nucleons, mesons and leptons, 
and forget about strange particles. The Hamiltonian density is written 
as [13, 15-17] 


H,,,(v) = (I p(x) sta J,()) (J (0) ze J,(«)) : 


(15) } Si= (pv); Tye) = (Pal@)yu(1— (1+ &)y5)po(@)) + 


Mm. 
+(D(2) A O, P(x)) + gq OP. (2) > 
(*) The choice {;=f; for some values of the index and /;= — fi for others has 


been considered by various authors [9-12]; this corresponds to the case in which the 
neutrinos coming from the scalar, pseudoscalar, vector... parts of the Hamiltonian 
have different properties. 


Uni 
GA 
2) 
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where g is the strong coupling constant in the ps-ps theory; B(x) is the meson 
field operator (it is bold face to signify that it is a vector in isotopic spin 
space). For a generic vector A the notation A, stands for 4(A,+ 1A), 
being A = (A,, 43, Ag); ®, is, in particular, the operator which creates a 7* 
or destroys a a. 

The factor « is regarded as a renormalization factor and has to be intro- 
duced in the fenomenological Hamiltonian density (1.5) because the axial 
part of Jy is exactly conserved only in the limit of zero meson mass. Since 
the divergence of Jy (axial) is proportional to m_ one might expect « to be 
proportional to m_/m, = .15. Notice that there is no such factor in the 
leptonic part since we have assumed m,=0; we remind here that, within 
the framework of pertubation theory, if the bare mass of a particle is zero, 
its true mass is also zero. 

One can see from (1.5) that the emission of an electron must be accom- 
panied by the emission: of an antineutrino or the absorption of a neutrino; 
the emission of two electrons and no neutrino is forbidden. The same con- 
clusion can be reached, of course, using the formulation in terms of invariants. 
If m, #0, one should expect a factor 1+ «’, with «' possibly much smaller 
than «, due to the different strength of the renormalizing interactions. 
In this case (1— y;)y, is no longer an eigenstate of the free neutrino 
Hamiltonian and there is a finite probability to find the neutrino after a finite 
time in a state of helicity opposite to the original one (the four components 
theory has to be used here). To this probability contribute both the free 
particle Hamiltonian, through the mass term, and the interaction Hamiltonian, 
through the term containing «’. Such probability is therefore expected to 
contain three terms, proportional to mi, a, |m,x'|, respectively, the proba- 
bility being proportional to the square modulus of the transition amplitude ("). 
We want however to stress again that, if m,= 0, the Feynman-Gell Mann 
Hamiltonian forbids the emission of two electrons without neutrinos. 


2. — Theoretical aspects of the double {-decay. 


We are going to consider in this part a particular decay from a nucleus 
to one of its isobars through weak interactions. We assume, as usual, that 
the transition amplitude is given in terms of the Hamiltonians discussed in 
the previous part, although the initial and final states are here nuclear states. 
This amounts to assuming that the shell model is suitable for our purposes, 


(*) For an explicit expression see E. GreuLING and R. C. WuirrEen: Lepton conser- 
vation and double B-decay, preprint; we are very grateful to Dr. GreuLING for letting 
us know his results prior to pubblication. 
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namely, that in nuclear states the single nucleons do not lose their individ- 
uality. We shall consider only phenomenological Hamiltonian density of 
the form (1.1); if one wants to use (1.5), corrections should be introduced 
arising from those terms which contain only the meson field. The qualitative 
features of the results described in this part are not sensitive to these corrections. 

The process we are going to discuss can be characterized as follows: 

Let A, B,C, represent three nuclei with the same atomic number A, and 
charge Z — 1, Z,Z+ 1, respectively. We shall indicate with u,, u,, wu, their 
masses and with M,, M,, M,,\the masses of the corresponding atoms 
in their ground states. One has obviously M=wu+ Zm, — n; 7 being the total 
binding energy of the system, and m, the electron-mass. If M, > M,,, the 
decay A >B+e-+y(*) is energetically allowed and so is B-+>C+e-+y 
di uo IM, . 

The decay in which we are interested, and which will be referred to as 
double B-decay is the process A— C+ leptons (this implies M, > M,), when 
M,< M,, so that the first step in the sequence of two is a virtual one. 
Even if M, > My a virtual transition through an excited state of the atom B 
might dominate over the real one, due to selection rules. One relevant example 
is e.g. the transition {Ca + Ti through siSc [18-19]; we shall come back 
briefly on this situation later on. 

We also note that most of what will be said on the double 6-decay is also 
true for the case when two positrons, rather than two electrons, are emit- 
ted (**). The relation between masses is; in this case, M, < M,+ 2m,; 
M,> M,+4m,. The same considerations apply to the process (e-4e-+A),.und > 
+ C+ leptons and/or y-rays, when the transition e + A > B+v is forbidden 
(double electron capture), and to the process e-+A —C-+ e+ plus possibly 
other leptons, when the transition e--+A > B4+y is forbidden (virtual 
electron capture followed by positive B-decay). The corresponding relations 
between masses are obvious, and will not be written explicitely; we note that 
the binding energy of the electrons plays here a slightly more important role, 
the electron which is absorbed being usually in a K shell. We also notice 
that if a process is energetically forbidden but for the presence of the binding 
energy in the final state, the corresponding transition amplitude is reduced 
by one (or more) factors « (fine structure constant), due to the « readjustment » 
of the electron cloud. 

Let us remark that, if the inequalities we have written above for the atomic 
masses are satisfied, the transition A > C + leptons always takes place although 


(*) The symbol »v stands here either for a neutrino or for an antineutrino. 

(**) For the sake of simplicity, we always consider a chain A--B->C. In the case 
of the emission of two positrons, the charge assignement is Z+1, Z, Z--1 for A, B,C, 
respectively. Similar considerations hold for electron capture. 
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an exceedingly small rate can be anticipated, indipendently from any other 
factor, from the dependence of the transition probability on the fourth power of 
the very small Fermi coupling. The problem in which we are interested is 
to see whether a process of this kind can take place without emission of neutri- 
nos or not; in the first the case, lepton conservation cannot be a law of nature, 
since two electrons are emitted. Needless to say, if no decay is observed in 
which no neutrino is emitted, we cannot draw any conclusion regarding lepton 
conservation, since the process might be forbidden for other reason. If a neutrino- 
less process takes place, we have a:transition from an initial state which does 
not contain neutrinos or antineutrinos (the atom A) to a final state which 
has the same property (the atom C and two electrons). These states are both 
left invariant by the canonical transformation considered in Sect. 1 and 
therefore the matrix elements and the transition probability can only depend 
on the invariants I,;, K,;j, NV,,;, N. It is easily seen that the complex conjugate 
of the coupling constants does not enter into the description of the process. 
We conclude that such a transition cannot take place if the invariants are 
zero; particularly in the two components theory, or in a theory with maximal 
non-conservation of parity (i.e. with conservation of helicity). For other choices 
of the parameters in the interaction Hamiltonian the probability ranges from 
zero to a maximum given by the Majorana theory (one can easily check 
that the invariants reach their maximum value corresponding to the choice 
of f,, f;, which characterizes this theory). 

It may be useful to sketch a physical picture of these considerations; 
regard again the process A + C + leptons as a chain 


ij? 


A] Ba Mi ea: B+>C+y,+e-, 


or 


A > B+y,+e; ¥+B—>C+e, 


where y, and y, are certain superpositions of states of neutrino and antineutrino, 
characteristic of the interaction chosen. If P,, = <;|v) #0 the transition 
A >C4e-+e- is possible, and its probability is proportional to |P,,.|?. 
Clearly |P,.|?<1, and in particular |P,,.|?=1 when |»,> = exp [ta]|»>, 
namely when no distinction is made between neutrinos and antineutrinos. 
If, on the opposite, |v,> represents a state of a zero-mass particle in which 
momentum and spin are parallel, and |v,) an analogous state in which they 
are antiparallel, conservation of momentum and angular momentum implies 
,|v.) = 0 and the only possible process is A > C+e-4 e-+v+%. 

This is the case in the two-component theory of Feynman-Gell Mann [13]; it 
is obviously the case also when the neutrino is a Dirac particle and, in the theory, 
conservation of leptons is postulated. Although not sufficient to discriminate 
between all possible choices of the coupling constants, experiments on the 
B-decay with evidence in favor of a neutrinoless BB decay can rule out conser- 
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vation of number of leptons. This can be achieved also with the experiments [20] 
on the strictly correlated [7, 18, 21] problem of the absorption of neutrinos 
from a pile. The neutrinos come here from the decay of a sample of a known 
element. From a theoretical point of view this process differs from the 88 decay 
only because the neutrino which is absorbed is not a virtual one. We may 
note, incidentally, that the absorption of a real neutrino is possible also in 
the double B-decay, but the probability for a nucleus B to capture the neutrino 
emitted in the transition A + B+e-+», is extremely small and the contribution 
of this process negligible. This is the reason why a double £-decay whithout 
neutrinos can be expected only if the first transition is virtual, 

Let us notice that, when |P,,| is not too small compared to unity, the 
transition without neutrinos is more likely to happen than the transition with 
two neutrinos. We shall give the explicit forms of the transition probabilities 
for both cases and see that the neutrinoless process is favored by a factor of 
about 10° - 10°. Roughly speaking, the reason for this is the following: in 
the no-neutrino case a sum has to be taken of the contributions coming from 
virtual neutrinos with arbitrarly high energy. We shall presently see that 
it is rather reasonable to assume that the most important contribution comes 
from energies around 30 MeV. Very elementary considerations on the volume 
available in phase space lead then to a ratio for the transition probability 
of about 10-5. We see therefore that if | P,,|? is not less than, say, 1073, almost 
all double 8-decays are expected to go through the no-neutrino channel. 

There is an experiment, very appealing from the theoretical point of view, 
which can easily reveal the presence of a decay without neutrinos. In such 
type of decay the difference in energy M,— M,, goes almost completely 
to the electrons, the energy taken away by the recoil of the nucleus C being 
negligible even in the most favorable distribution. If the sum e + 2m, of the 
energies of the electrons can be measured and is plotted against the number 
of events, a single line (*) has to be observed at ¢ = M,— M, (or a sequence 
of lines if many excited states of the nucleus C can be reached). This 
experiment, the result of which could be compared with the only clean-cut 
theoretical result available, is unfortunately very hard to perform. A study 
of the most relevant difficulties will be more properly given in Sect. 3, devoted 
to a discussion of the relative merits of the different experimental techniques. 
We just mention here that the main difficulty lies in the extremely rare occur- 
rence of the double decays; even if all the events had to take place within 
a small range of energies their frequency would be so low that it could hardly, 
if at all, be distinguishable from the background events in the same energy 
range. 


(*) Or, more “precisely, a sharp peak; the broadening is due to the recoil of 
the nucleus as well as to the width of the nuclear ground state. 
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In a process in which two neutrinos are emitted, these particles carry away 
an energy comparable with that of the electrons. The expression available 
for the distribution of the sum of the energies of the electrons are only roughly 
approximate, the approximation being presumably better [18] if 


M,- Mg 


(2.1) M,Mo>1—-— n (units in MeV). 


In this case the distribution of the total energy of the electrons is approximately 
given by the formula 


(2.2) P(e)de—-(M,-M,— €)’e[e* + 5e? + 108° + 7.56 + 2]de, 


where e is the total energy of the two electrons minus the sum of their masses 
(Fig. 1). If the inequality (2.1) is not satisfied, the distribution might be, in 

particular, much shifted to- 
Pe) wards M,—M,, which is 
a the maximum energy a- 

vailable to the electrons. 

- Mo = 3.0 Mev The theoretical predictions 
for many other quantities, 
in particular the transition 
probability and therefore the 
lifetime, depend radically on 
the choice of the relative 
magnitude of the coupling 
constants. They could, there- 
fore, be of use in trying 
to eliminate, by comparison 
with existing experimental 
data, choices otherwise ac- 
ceptable. The precision and 
even sometimes the reliability 
Fig. 1. — Theoretical distribution of the sum of the of such theoretical data are 


two electrons energies for double 8-decay with emis- however rather questionable, 
sion of neutrinos. 


700 
M, 


15 3 25 
e(in MeV) 


due to our poor knowledge 
of most of the nuclear states 
which come into play and to the fairly crude methods of approximation available 
to get reasonable expressions out of matrix elements of a rather simple Hamilton- 
ian between complicated states. We do not attempt here to give a complete 
discussion of all the problems involved, neither to exploit in detail the reliability 
of each approximation. Fairly complete discussions are given, ¢.g., in [18, 22-24]. 
We would rather give a general idea of the problems involved and quote some 
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results among those which seem to us most useful for an experimentalist 
interested in double B-decay. 

The kind of difficulties which one has to deal with is most easily seen in 
the case of simple B-decay. The problem is here to compute the matrix 
element of the interaction Hamiltonian 


By = [arr (a) ’ 


between the initial state |7> of a nucleus and a final state of a nucleus plus a 
neutrino plus an electron, |f>. The transition rate is then given in first order 
perturbation theory by 


TAH = 2n|<f|H,|*> ?o(H) ak , 
0(E) being the density of the final states in the range H ~ E + dE. Expanding 


the neutrino operator in plane waves and the electron in wave functions [24] 
appropriate to the Coulomb field seen by the emitted electron, we have 


ple) — | d’g exp [ig:x— ilglt] 5, ai (aut) + 


+ arg exp [— iq:x — i|q|t] È, an (q) , 
(2.3) - 
Ae | d'KDZ, e, K-x) >, a;.(K, Zui (K) + 


| + [aq az, €, — K-x) NE d;,.(K, Z)ut (K), 


Py 


where (*) at j=1,2 are two indipendent, normalized positive-frequency 
solutions to the Dirac equation with mass appropiate to the particle « and 
(i j=1,2 are the corresponding negative-frequency solutions. One gets 


iv 
(2.4) M= <f|Hu]i = >, [aes [wr(@)O.,(@) exp [— ig x] D(Z, e, K-x) [>> 
“{(Uy(q)(fr.iO ae friysO:) v(K)) = (uy(q) (frr.O: fu 750) u(K))} . 

The transitions rate has now the form 

Cela A 
. (2.5)  |MP=Y,D, | [ave dy Cf! | Pa(w)Opo(@) exp [— iq-x] D(Z, e, K-x) |i>- 

1 1 
‘<P |yn(y)O ry) exp [— ig-y]®(Z, e, K-y)|i>*-Gam, 


(*) See, e.g. L. I. ScHIFF: Quantum Mechanics (New York, 1955), pp. 327. 
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where G,,,, is a factor which contains only the leptonic part of the matrix 
element and can be treated exactly. The exponential in (2.4) can be expanded 
in Taylor series in x; the transition rate is now the sum of terms which will 
be called of order «n» if they come from a term in the expansion that 
contains (x)". In general a term of order «n » is smaller, as compared with 
that of order zero, by a factor K®_{®)" where K 


max 


max 18 the maximum momentum 
available to the electron and <R> is the average nuclear radius. Due to the 
smallness of K_.., this factor is small in all real B-decays. Notice, however, 
that in virtual 6-decays, and more precisely in those decays in which the 
neutrino is a virtual particle, as is the case in both steps of the double 6-decay 
without neutrinos, there is no upper bound to the energy of the neutrino, |q|. 
The matrix element fora double B-decay contains, as is easily seen from (2.4) (*), 
a factor <f|exp [iq(x,,— x,)||. Contributions from very high values of |q| 
are averaged to zero by the high number of oscillations of the factor within 
a region in which the nuclear matrix element is approximately constant. The 
main contribution in the integration over. q comes therefore from the inter- 
mediate region, i.e. the region in which |Q|{Rm, ~1. (Rum) is the average 
distance of two neutrons in the parent nucleus. This is the reason why, as 
already mentioned before, we expect that the most effective virtual neutrinos 
have an energy around 30 MeV. Going back to the matrix element for the 
single B-decay, we notice that, since the masses of the nucleons are much 
greater than the energy released, the nuclear matrix elements can be treated 
non-relativistically. In this approximation two of the components of the spin 
function w* (K) (2.3) for the nucleon are smaller than the remaining two by a 
factor of v/c; v being the velocity of the nucleon with momentum K. The 
matrix elements in which two «large» components enter, are of the order 
of magnitude of the unity and are called ordinary. Those which contain one 
large and one small component are of order v/c and give rise to the so called 
relativistic transition of order zero [24]. 

With the above notations, allowed transitions are ordinary transitions of 
zero order; first forbidden are ordinary transitions of first order and rela- 
tivistic transitions of zero order.... The nuclear matrix elements for ordinary 
transitions are obtained from those previously given carrying out in the inte- 
grands the following substitutions: 


0,=0,>0; 0,=0,>1; 0,=0,51; 0,=0,.>¢; 0;=20,—a, 


(*) Each matrix element contains fexp liq:x]-dq (we have already assumed that 
exp [iK-.x%]~1). One gets therefore 


111) esso Li uc Am] exp fa iQ3:xn] oq, dé q2)> = <fexp [ig(xn — Xm) | dq dr, drm) ? 


the 6 function coming, roughly speaking, from the fact that the same neutrino is 
emitted and absorbed. 
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(o is a vector which has, as components, the three Pauli matrices) and treating 
the initial and final states as assemblies of two-component spinors. The matrix 
elements S and V are called Fermi matrix elements, the A and 7 Gamow- 
Teller ones. The formers give transitions characterized by AI = 0 (I = nuclear 
spin), the latters by A/= +1,0 0-0 being forbidden. Changes in spin 
larger than unity are possible only through first, or higher, forbidden transi- 
tions and the corresponding transition rates are consequentely smaller. 

We now sketch briefly the derivation of the approximate forms of the 
transition amplitudes both with and without emission of neutrinos in double 
B-decay. Let us start from the latter. The matrix element we are considering 
is, neglecting electron clouds, 


(2.6) Pra + 2) (A, Z)>, 


It gives the transition amplitude for the emission of two negative electrons 
with momenta p,, p,, and spin states characterized by su, 2. The second 
order time-dipendent perturbation theory gives us 


1) BoinPop (4: 2+2) (A, 2) = Dd <BiuBon(4s2+2) | Bint | Bou Ml4,Z+1)>: 


int. states 


(E En Bru (A, Z+1)|H,,|(4, Z), 


where », is a certain superposition of neutrino and antineutrino states. 
E' and E, represent the energies of the intermediate and final states respectively. 

Expanding the intermediate neutrino and the intermediate and final 
electrons according to (2.3), symmetrizing with respect to electrons 1 and 2 
and taking into account that, by considerations made in part I, the matrix 
element can only depend on the coefficients J;;,J;; we get[18], averaging 
over the intermediate neutrino states 


(8) Brn BronlA, Z +2)|(4, Z)> = (1 Pra) Y aK-S- 


int 


A 
<Ws| > Tr OnO*(Z, e», Po'Xn) exp [iK-xn]|ywn) (Wi Wita+1—|K|)7 
n=1 


A 
È CPint | 2, Fun PZ, Ej, Pi *Xan) exp (= 1K +x, | [par 7 


(ut a *(p,)O° 5 (1 * Ta) Cli; + pot lOw (po) 


In (2.8) 7; is an operator in the isotopic spin space which acts on the n-th 
nucleon, giving zero if it is in a «proton» state, and transforming it into a 
proton if it is in a neutron state. |y> represents the state of a nucleus 


and W its energy. 3(14 a-K/|K]|) is the projection operator on the positive 
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energy oneparticle states of the virtual neutrino, or antineutrino. In a two- 
components neutrino theory a should be replaced by o. 

We have already seen that the major contribution comes from those 
virtual neutrinos for which |K|=|K|, ~ 30 MeV. It easy to convince oneself 
that the corresponding recoil energy of the intermediate nucleus is smaller 
than |K|, by a factor of at least four; it will be therefore neglected in the 
denominator of the sum over the intermediate states obtained by closure. 
This approximation does not change the order of magnitude of the matrix 
element, and this is all what we are interested in. The term ¢,+1 is again 
small compared to ||, and it will be neglected too. The integration over K 
is then simplified and we get 


(2.9) Bru Bruty 4 + 2)|(A, 2) = Za: 


zi PALE OmD*(Z, €, Pi Xn) O*(Z, Eo; Ps <n) 


n,m 


(ue* (P)O/CIT:;:+-y33;]OIwtt + (pz)) 


L'Anm 


Coe 
Ge : 24 È wi) (1 > 2) Xnm = Xn — Xm » 
nm 


(Peal, eee 


We now take ©(2Z, e, px) ~ D(Z, e, 0)(1+ ip-x) since the wave-length of 
the electron is large compared with nuclear dimension (i.e. |p;|<|Z|> <1). 

For the sake of simplicity it is convenient to restrict ourselves to the very 
common case in which the nuclear states of the initial and final nuclei have 
both zero spin and the same parity. In this case only terms invariant for 
rotations and inversions of the nuclear coordinates survive, and one has 


(2.97) (PRE Baas Z = 2) [(A, Z)> = > (wo (pi) 0 :C[I;; se Ti] Oruti* ( Ù (p:)) É 


ON) 


a t: tt, On02 m 
wlfama+ 3:p) fg 


m,n inn 


|ps> D*(Z, 2, 0) D(Z, e,, 0) . 


Taking the square modulus of this expression, summing over all possible spin 
orientations of the final electrons and multiplying by the density of the final 
state one gets the probability distribution for the emission of two electrons 
with momenta p, and p, and no neutrino 


P(p,, ps) sin 6 dé de, de, = 


=” a “pa |ps [(ex-+1)(e, +14 — €1— &2) F (Z,81) F (Ze) * 


‘[A(e,e.) + B(e18:) cos 6]-sin 6 dO de, de, , 


where 0 is the angle between P. and p,, and #° is the maximum energy 
available to the electrons. The 6-function is an expression of the fact that 
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if no neutrino is emitted the sum of the energies of the electrons must be the 
same in all processes. F(Z, e), called Fermi factor, is equal to |D(Z, e, 0)|?; 
A(e,, &) and B(e,, e») are rather complicated functions which depend on the 
invariants I;;,J;; and on the matrix elements 


Ti dI 
(2.10) <P; | è Ak Ds Tam = LAS | ; 
61° Gm, 
(2.11) <wr| 2 ea _ wi). 


The third possible matrix element 


EASE thy} (Oa a0) 
<Wy | DI Di t. n nm i m nmr lw,» 9 
n,jm nm 


reduces to the second one due to the isotropy of the states |w);,,. From 
the probability distribution the lifetime 7 for no-neutrino double B-decay 
given by 


e” e” 


si = fa de, 2 sin 040 P(p,, p.) 
0 


where ¢° is the decay energy release. 

The evaluation of the matrix elements (2.10) and (2.11) can be done only 
in a very crude way [18, 25]. Yam is usually approximated by the nuclear 
radius R=1.2-10-184*; a more reasonable approximation might be to replace 
Tmn With <tmn); the average distance of two neutrons in the initial nucleus 
(<Ynm) = 1/35 MeV-1). Further 


CY, | I> SM | yi) = = 2 CYy | > on | vo) Wo | 2 ue | Vp 


a> yt >t, wor 


N,|<¥ |X tal vl? 
n 


and similarly for (2.11), N, being the number of states of the intermediate 
nucleus with appreciable single B-decay. From the corresponding matrix 
elements in single B-decay one estimates |<y,|> ti |w) 


?-—107? and, assum- 


ing N,= 10, one gets ia 
TrT im = , n 
Wr | y>— ly —_ Sh, 2 | Yr [> trie LIT 
n,m Tam n,m Lam 
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where |y,> and |y,) are supposed not to belong to different eigenstates of 7; 
otherwise <y,|> tit, |yo = 0. 


mm 


These approximations are very crude: they might be easily wrong by a 
factor of 102 or more. The quantitative results that are obtained through 
them should therefore not be trusted too much. Below are given, as a function 
of A and Z, the lifetimes to be expected for a no-neutrino transition in this 
approximation in the two particular cases of 


fa Fi AA = + hee agi lol Ga te pet Sela? DE =e la = Lo = ibe ; 
all other f;= 0 and of 


Ù T I I 
deo = PA = fae = ion = ies lata = ot ie io = dla = fs ’ 


(due to the symmetry of the problem no interference can take place between 
a Gamow-Teller and a Fermi matrix element). 


as || (igo) Ale) 


ala 


units == ¢=1; 240054 


6 2 
(2.12) tw 4101922 (7) Î exp 


The first case is obtained if x=—1; notice that the choice x =+ 1, cor- 
responding to a two-component theory with conservation of neutrinos gives 
T1=0, as expected. 

Let us now see briefly the corresponding calculations and approximations 
in the case of a double §-decay with neutrinos. In this case the matrix 
element is given, omitting symmetrization factors, by 


(2.13) Pron Ze 2) | (A, Z)> = Y E‘ (0) “(ubt* (p)O'(f at fds) È 


0,%,3 
Cu?" (Ky) (ut=* (pf, + fa) Ow’? (Ka)) (W, — Wit x + 1—|K|)>, 
where 
R,,(0) = <¥,| > T, D*(Z, >, P2* %,) exp [— i(K,°x,,)]| Yo? 3 
: Wo | dI tiP"(Z, €, Pim) EXP a UK: xy] | pi> e 


For the sake of simplicity, and without loss of generality, at least as far as the 
order of magnitude of the lifetime is concerned, we take f,, = f,, = ie ar fai =f, 
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all other coefficients equal to zero[18]. We again expand the electrons’ and 
neutrons’ wave functions according to (2.3) and keep only the zero order term 
(here pra) <1 for both electrons and neutrinos); the states |y,;> and | p,> 
will be again assumed to correspond to spin zero and to the same parity. 
Now, in the energy, denominator |K,| no longer predominates; we shall 
assume, instead, that only low-lying intermediate states contribute sub- 
stantially. W,— W, will therefore be given a constant value and the sum 
of an intermediate state, carried out as before by closure. This approximation 
is probably worse than the corresponding one introduced in the no-neutrino 
case, but anyhow should not change too badly the order of magnitude of the 
result. In this way the transition amplitude is given in terms of quan- 
tities A, B[18] which contain the matrix elements 


(2.14) <p; |D tat | Par 
and 

. n On Om x 
(2.15) Spe Di tn Tm : pd. 


These expressions are approximated, as before, to 1072. Taking the square 
moduli, multiplying by the density in phase space of the final states and sum- 
ming over all spin and momenta of the outgoing electrons and neutrinos one 
gets the lifetime, with a further, presumably small, simplification in the denom- 
inators to make the integrals simpler to evaluate. 
8 10 
(È) years, 


(in units m.c? = 1) 


8° 21062 — 2nZ 
(2.16) PZA eal ae (un fa + 9 no 1) (7) (1 — exp | 137 


the error 10*? coming expecially from the approximation in the nuclear matrix 
elements (2.14), (2.15). The dependence on e° is again only approximatively 
valid. 

It is easily seen, comparing (2.12) and (2.16), that the ratio between the two 
lifetimes is of the order of 10-5 for intermediate values of «°, Z and comparable 
nuclear matrix elements. It should also be stressed that, although the esti- 
mates of the two lifetimes given by formulae (2.12) and (2.16) might be very 
unaccurate, their ratio R has better chances to be close to reality, since the 
main source of error is the approximation of the two matrix elements (2.14) 
and (2.15) which appear quadratically both in the denominator and the numer- 
ator of R. Unfortunately what has to be compared with the experimental 
data are the lifetimes themselves, not their ratio, and this makes the inter- 
pretation of the experimental lower limits available extremely inconclusive. 
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For the sake of completeness, we quote the lifetimes to be expected in those 
double processes in which one, or two electrons are captured (units are chosen 
fo that ma @ =): 


a) DIS BR virtual C eV) 


1) no neutrino emission 


t8.6-1029*2Z-443 exp 


2r(Z 
| 5 years; 


2) two neutrinos emitted 


i 193 2r(Z — 60 
Te 0103822 (Mma t Fe 9 dI Z-eo" exp = “a years; 
: (OES x 
b) A+e-+e- > (B+e-+y) => {ve 


1) no neutrino emission Tt ~ 3.6-10°+°Z~*4? ej! years 


2) two neutrinos emitted t ~ 3-10°** (uw, —p, + te,— 1) Z-° eg! years. 


Notice also that, within the approximation introduced, the lifetime for emis- 
Sion of two positive electrons is given by the same formula as the lifetime 
emission of negative electrons, both in the two-neutrino and in the no-neutrino 
ase, sustituting Z with — Z. 

We would like to close this section with a couple of remarks: 

The estimates of the lifetimes for double B-decay as given in eq. (2.12) 
and (2.16) have been obtained under the assumption that both virtual inter- 
mediate transition are allowed. If this were not the case, the estimates should 
be increased by a factor 104 + 105 for each degree of forbiddingness; we 
Shall comment briefly in Sect. 4 on the actual situation for some of the most 
promising triplets of isotopes. 

The estimates (2.12) and (2.16) correspond to the extreme cases of a maximal 
non-conservation of the lepton number and of conservation of neutrinos 
respectively. We recall here again that the latter situation is obtained, e.g., 
in the two-component theory with V-A interaction. These extreme cases 
correspond to a particular choice of the parameters f in the expression (1.1) 
for the Hamiltonian density. It is worth emphasizing that, with a proper 
choice of these parameters one can obtain, as an extimate for the lifetime 
for double ®-decay, any value between those given by (2.12) and (2.16). 
This can be most easily seen if one lets, in eq. (2.12), the parameter vary 
continuously from —1 to +1, and remembers that the double B-decays 
with and without on are competing processes. 
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3. — Experimental results on the double {}-decay. 


Several experiments have been carried out during the last ten years in 
order to investigate the double 8 radioactivity of the more suitable isotopes. 
Some experiments lead to apparently positive results; but the conclusions 
so obtained were found to be inconsistent with the results of later experiments. 
Minimum half-lives for the various transitions were determined on the basis 
of negative results, but in only a few experiments can the minimum half-lives 
so obtained be compared with the theoretical estimates. 

To check the theoretical predictions one should detect very weak activ- 
ities, and this can be achieved only by increasing considerably the amount 
of material examined and/or by drastically reducing the background due to 
natural radioactivity and cosmic radiation. The difficulties are obviously 
connected with the techniques used in the experiment. For this reason it 
seemed worthwhile to us to analyze the experimental results so far obtained 
and to consider their possible improvement, taking into account the more 
important features of the various experimental techniques. We will consider 
separately the experiment based on the use of electronic counters, cloud 
chambers, nuclear emulsions and chemical separations. 


3'1. Counter experiments. — The first experimental search, with counters, 
for the double B-decay was carried out by E. L. FIREMAN [26-28] on the pos- 
sible transition {Sn > 5Te. Two samples were used in this experiment; 
a « working » sample enriched to 54% '4Sn, and a «control» sample con- 
taining 0.4% #4Sn for background measurements. Each of the samples was 
placed between a pair of thin mica window G.M. counters; the specimens 
were interchanged periodically. The two pairs of measurement counters were 
shielded by anticoincidence counters and by a Fe and Pb box. In a series 
of runs the enriched sample gave about 13% more coincidence counts than 
the depleted one; if this effect is interpreted as double B-decay of ™4Sn, an 
half-life of (0.65-+0.25)-101° years is obtained. As we shall note later this 
apparently positive result is inconsistent with the results of several later 
experiments on the same transition. FIREMAN himself concluded later [46] 
that his own result was probably due to radioactive contamination of the 
enriched sample. 

An experiment was performed by M. I. KALKSTEIN and W. F. LiBBy [29] 
on the same transition of !*Sn in order to check FIREMAN’s result. The 
experimental apparatus consisted of two thin walled G.M. counters operated 
in coincidence, surrounded by 11 guard counters in anticoincidence. The entire 
set-up was shielded with 20cm of iron. Samples of enriched (95%) and of 
natural tin were placed alternately between the thin walled counters. The 
two measured activities were the same within statistical fluctuations; assuming 
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that the maximum activity is equal to twice the standard deviation one can 
calculate a minimum half-life between 1.7 and 2.4-1017 years. An investigation 
was also made on the possibility of two single 8 transition through the inter- 
mediate isotope “Sb. Antimony carrier, added to old stannic cloride, was 
separated and counted for the 60-day B activity of 124Sb. By this experiment 
a minimum half-life of about 1017 years was set for the single B-decay of 124Sn 
(see Fig. 12e). 

Proportional counters have seldom been used in experiments on the double 
B-decay. In fact these detectors can be used to measure the energy of slow 
electrons, such as the photoelectrons for X-rays; therefore they are particularly 
suitable to experiments on double electron-capture or negatron-capture, 
positron-emission. 

An experiment of this type was carried out by A. BERTHELOT et al. [30] 
on the double electron-capture (KK) $%n > Ni. This transition should 
be accompanied by the emission of an 8 keV X-ray from the filling of K-shell 
of ‘Ni. A brass tube, with the internal surface covered by a thin layer of 
navural zine (48.89% Zn) was placed inside a gas proportional counter. The 
pulses from the counter were analysed on a 10-channel pulse height analyser. 
The proportional counter was surrounded by a layer of guard G.M. counters 
operated in anticoincidence; the entire set-up was shielded by 20 cm of lead. 
To calibrate the counter the counting rate of an internal calibration source 
of 5Zn was compared with the counting rate due to an internal source of 
variable intensity. The comparison showed that an internal activity could 
be detected only if it exceeded the background by at least 12%. No detectable 
activity of ‘Zn was discovered above the background, which was determined 
by the use of a brass tube without “Zn; a lower limit of 8-101? years was set 
for the half-life of the double electron-capture of “Zn. A. BERTHELOT 
et al. considered in addition the competitive possibility of positive double 
B-decay of *4Zn; this possibility can however be ruled out on the basis of recent 
measurements of the masses of *Zn and “Ni (see Sect. 4). 

H. SELIG [31-32] used a proportional counter similar to that of A. BERTHELOT 
et al. to investigate the total activity of many elements. His results can be 
used also in the searchs for double B-decays, because they can often rule out 
the possibility of the sequence of two single f-decays through the intermediate 
isotope. As in BERTHELOT'S experiment, a thin layer of the element to be 
examined was deposited on the internal surface of a tube placed inside the 
proportional counter. The counter was shielded by 15 G.M. counters in 
anticoincidence and layers of iron (5 cm) » lead (7.6 cm) and mercury (1.3 em). 
Pulses from the proportional counter were measured by means of a 48-channel 
pulse height analyser; energy measurements were made only on X-ray photo- 
electrons; no attempt was made to measure the energy of decay electrons. 

Measurements were made on natural calcium carbonate (43 grams) to 
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investigate the possible B-decay 5a +> Se. It is worthwhile to note that 
this activity, if detected, would make extremely uncertain every positive 
result on double {-decay of ‘Ca obtained with «not coincident » methods 
such as nuclear emulsions and cliemical separations (see 3.3 and 3.4). The 
spin-parity of the ground state of ‘Ca is 0+ and that of ‘Sc is 6 + 
or 7 + [67-68]; the single B-decay of calcium should therefore be sixth for- 
bidden (see Fig. 12a)). Selig found for calcium a very small excess activity 
above the background and set a lower limit of 2-104 years for the half-life 
of Ca for every kind of decay, and of 2-101* years for the decay of ‘Ca 
to the 48-hour 4°Sc. 

A negative result was obtained by SeLIG on the single 8 transition 
wZt > Nb; direct counting of zirconium gave a lower limit of 2-10! years 
for the half-life. A similar negative result on the decay of ‘{$Mo to the 
17-second *STc gave a minimum half-life of 2-10! years. The result obtained 
by SELIG on the transition *STe > “8I can also be considered as negative 
because the total activity in excess on the background is less than the standard 
derivation; a minimum half-life of 4-10! years was obtained. 

The first experiment which measured the sum of the kinetic energies of 
the two electrons was carried out by R. M. PEARCE and E. K. DERBY [33] 
with scintillation counters. The source, consisting of a thin foil of tin, enriched 
to 95% 14Sn, was placed between two scintillation counters employing anthra- 
cene erystals. The counters, which were operated in coincidence, were shielded 
from above with 16 cm lead and in other directions whit 8 cm of lead; the 
output was recorded on a 18-channel analyser. The background was evaluated 
by replacing the tin foil with an aluminum foil of the same thickness. The 
spectrum of the pulse from the two counters, added electronically, did not 
show a peak at an energy corresponding to the total energy release. In order 
to obtain a lower limit for the half- 
life the geometrical efficiency of the 
counters and the trasmission factor 
of the foil were evaluated; a min- 
imum half-life of (0.45 + 0.15)-10"7 
years was obtained in this way. 

Results on the double B-decay of 
124Sn-.and **Zr were obtained by J. A. 
McCartny using scintillation counter 
methods [34-36]. The experimental 
arrangement is shown in Fig. 2. The 
sample was placed between two stil- 
beneeerysvals’ viewed: by photomul- Fig. 2. — Schematic view of counting 
tiplier tubes whose output pulses crystals and anticoincidence counters used 
were added electronically. Four an- by Mc-Carruy [34-36]. 
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ticoincidence scintillation counters surrounded the source and the « meas- 
urement » crystals (only two guard counters are shown in Fig. 2). The equip- 
ment was shielded with 0.6 cm of steel and 10 cm of lead; a 0.16 cadmium 
sheet was placed inside the shield to absorb thermal neutrons. Coincident 
pulses were analysed by means of a 30-channel pulse height analyser. The 
total activity was also measured, without regards to coincidence. 

In a first run McCARTHY compared the activity of a sample of tin enriched 
to 95% ‘Sn and a sample of natural tin. The two specimen were changed 
alternately by moving one of the scintillation counters. No significant differ- 
ence between the two coincidence activities was observed in the region of 
energy corresponding to the energy release of the transition. The value for 
energy release used by McCARTHY was 1.5 + 0.4 MeV; if we use the more 
recent value 2.31 + 0.39 MeV we observe no statistically significant difference 
between the two counting rates. On the basis of this negative result one can 
set a lower limit of 1.5-10! years 
for the half-life of 124Sn. 

In a second run MCCARTHY inves- 
tigated the total and coincidence 
activity of a zirconium sample en- 
riched to 89.5% *Zr and of a zircon- 
ium sample enriched to 97.9% Zr, 
as control sample. The differences 
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2 between coincidence and total activity 
= of the «working» and «control » 
Lae sample are shown in Fig. 3. The 
od apparent peak between 3.3 and 
Bee 4.3 MeV in the coincidence spectrum 
29 seems to indicate a neutrinoless 
oe" double f-decay (the energy release is 


(3.4 + 0.3) MeV). This peak cannot 

Energy in MeV be explained as a statistical effect; 

Fig. 3. — Results of McCarruy [35] on the it can however be ascribed to an 

transition î$Zr > %3Mo. Differences between internal conversion of 3.8 MeV y-rays 

total and coincidence activities with Zr or to internal pair production. The 

and *Zr samples. possibility of a radioactive. con- 

tamination of the ‘*Zr can be ruled 

out, because this effect should be detected also in the total activity. If the peak 

in Fig. 3 is assumed to be an experimental evidence for the double B-decay, a 

minimum half-life of (6 + 2)-1015 years is obtained. | 
A later experiment on the double B-decay was carried out by McCartuy 
with an experimental set-up very similar to the earlier one. The equipment 
was shielded by 2.5 cm of steel and 7.5 em of lead during the first part of 
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the experiment; the next part of the experiment was performed under a 
174-meter building and the equipment was shielded with 0.4cm of steel 
and 7.5 cm of lead. The scintillation counters were surrounded by an arrange- 
ment of G.M. tubes in anticoincidence. Double §-decay activity was investi- 
gated in a sample of CaCO, enriched to 84.3% ‘Ca; background measurements 
were made on a similar sample depleted to 0.01% ‘Ca. The counting difference 
between the two coincidence activities is shown in Fig. 4 as a function of the 
energy; the standard deviation is given for each point. The curve drawn 
in Fig. 4 indicates the distribution theoretically predicted by McCarry for 
the decay of ‘Ca with a half-life of 1.6-10! years. The small peak at 3.1 MeV 
was calculated for a decay from the ground state of Ca to the first excited 
level of “Ti (see Fig. 12 a)) with the assumption that the nuclear matrix 
element for this transition is the same as that for the ground state transition. 
The peak corresponding to a transition between the ground states was observed 
at an energy of (4.1 + 0.3) MeV which is in good agreement with the energy 
release calculated on the basis of the mass spectroscopic data (Sect. 4). The 
agreement between the theoretical calculation and the experimental results 
seems quite good; McCarry’s positive result can be considered as the only 
possible evidence obtained so far for double the 8-decay without neutrino 
emission. The probability that the difference in activity of Fig. 4 was due to 
statistical fluctuations is less than 10-56. The only possibility other than double 
B-decay seems to be a contamination of the ‘Ca sample or the back-ground 
due to cosmic radiation. 

An experiment was carried out by M. AwscHALOM [37] to check the positive 
results obtained by McCarruy on the 8B” activities of Zr and *Ca. An 
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Fig. 4. — Difference between the coincidence Fig. 5. — Schematic view of 

activities of a 48Ca and a 4Ca sample. From the apparatus of DETORUF and 
McCARTHY [36]. Mocn [38]. 


experimental apparatus, very similar to that used by McCARTHY, was placed in 
a mine ata depth of 900 m w.e. Thus the background due to the cosmic radiation 
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was almost completely eliminated; the low energy y-ray activity due to “K 
existing in the mine was strongly reduced by an iron shield of 2.5 em. The 
measurements were carried out on three specimens: a) a natural calcium 
sample, b) a calcium sample enriched to 85.28% *Ca, c) a zirconium sample 
enriched to 85.25% °Zr. The AWSCHALOM’s results on the coincidence activities 
of the tree samples in the energy regions ((2.5- 4.5) MeV) and ((3 + 4.75) MeV) 
are listed in Table I. No significant activity above the background was found; 
the lower limits for the half-life were calculated from a net excess activity 
of the sample over the inactive one of twice the standard deviation. The 
discrepancy between McCarty’s and AWSCHALOM’s results can be explained 
if one assumes that most of the background is due to cosmic radiation, since 
this radiation is extremely reduced in the AWSCHALOM’s experiment. This 
explanation is fully consistent with the later results of E. I. DOBROKHOTOV 
(see pag. 159). 


brain SI 
dari = qa SETE} oi i 3 
| | Running | Detection | nera CORRE a FT ae | Half-life 
| Sample | i. | Saona | (2.54.5) MeV |(3.0--4.75) MeV| (years) 
| Io E (events/100 h) | 
Total activity | 

48Ca | 303.97 | 81 | 24.0 | 12.8 | > SES 

nat. Ca | 207.27 | = | 26.5 | 14.2 | = | 
| Zr 319.24 60 25.5 | 13.4 | > 0.36-1018 | 
iper aE. Dare a A SE è aa, | eae. = 
| Coincidence activity 

Ga €40.49 | 35 | 7.4 | 4.4 big 2-1018 
| nat. Ca 252.13 | = | 4.8 | 4.4 | de 

6 Zr | 503.52. | 25 | 5.5 | 4.9 | > 0.5-1038 


The double f-decay “Cd > ‘Sn was investigated by J. F. DATOEUF 
and R. MocH [38]. Coincidence activities were measured (Fig. 5) by means of a 
pair of vertical scintillation counters with axis S, viewing each side of a disk P 
which interchanged the two samples D and G. The scintillation counters 
were surrounded by a double layer of G. M. counters in anticoincidence; 
the whole set-up was shielded with 10 cm of lead. The samples consisted 
of two thin disks of cadmium enriched to 81% Cd and to 95.3% 104, 
respectively. The thickness of the scintillation crystals was determined so 
that the sums of the energy losses in the two scintillators, due to minimum 
ionizing rays, were about 5.5 MeV. Thus the background of coincidences 
due to cosmic rays was outside the region of energies to be investigated. 

The heights of coincident pulses from the scintillation counters were sent 
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to the orthogonal plates of an oscilloscope and recorded on a slowly moving 
film. The excess activity of the active sample over the inactive one was less 
than the standard statistical fluctuation. DATOEUF assumed, as upper limit 
for a detectable activity, the activity which would give the observed excess 
with a probability 10 times less than the probability of a corresponding excess 
due to statistical fluctuation. In this rather complicated way a minimum 
half-life of 3-10!6 years was obtained. 

An experiment on the double transition ‘Nd + {Sm was carried out 
by C. L. CowAn et al. [39-40]. A sample of neodimium enriched to 82.23 %, Nd 
and a control sample of natural neodimium depleted to 0.065 % Nd were 
used for 8-87 and background measurements, respectively. The two specimens 
were immersed in a liquid scintillator and viewed on each side by two pairs 
of photomultipliers; the samples were periodically interchanged during the 
measurements. The whole apparatus was immersed in a 600-liter tank of 
liquid scintillator viewed by 12 guard photomultipliers operated in anticoin- 
cidence. The tank was shielded with 
10 em of lead and bismuth. Coincident 
pulses from the measurement coun- 120 
ters were added electronically and 
analysed by means of a 100-channel 
pulse height analyser if the sum of 
their energies was between 0.35 
and 8 MeV. The coincidence re- 
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tributed by Cowan to two successive Fig. 6. — Distribution of the coincidence 
Compton scatterings of the 7.6 MeV pulses recorded by Cowan et al.[39] as a 
y-rays arising from neutron capture function of the energy sum. 

in iron. On the basis of the spec- 

troscopic values of the masses available at the time the experiment was 
performed, a peak should be detected at an energy of (4.4 + 0.8) MeV 
for a neutrinoless decay. According to more recent mass measurements 
(see Sect. 4) the total decay energy should be (3.65 + 0.09) MeV. The 
distribution curve is flat between 3.5 and 5 MeV (Fig. 6); thus Cowan’s 
result can be considered as completely negative. The authors calculated a 
maximum activity corresponding to the energy release in an interval equal 
to the experimental energy resolution in the measurement of the sums of 
energies. A minimum half-life of 2-10! years was obtained; this result is 
also valid for the more recent mass determinations. It is worthwhile to note, 
however, that Cowan did not make any comparison with background activity. 
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Thus the evaluated lower limit of the half-life for the transition is valid only 
with the assumption of a neutrinoless double f-decay. If a two-neutrino decay 
is assumed, the minimum half-life calculated by CowAN must be considered 
as overestimated. 

The most recent and interesting experimental results on the double 8-decay 
were obtained by E. I. DoBRoKHOTOV et al. [41-42] with two elegant experi- 
ments on the transition Ca > Ti. The specimens used in the first experiment 
were two « working » samples of 423 and 259 mg of Ca enriched to 76.2%*Ca 
and two «control » samples of equivalent masses of calcium enriched to 
99.9% Ca. Two runs were made at the same time: one on the earth’s surface 
under a shield of 15 em of lead and 3 cm of steel and the other underground 
at a depth of 33 m. In both runs, the working and control activities were 
measured with pairs of scintillation counters 1 and 2 viewing the sample on 
each side (Fig. 7). The samples were interchanged between the scintillators 
by the motor 3. 


Fig. 7. — Sketch of arrangement of the measuring head. From DOBROKHOTOV et al. [42]: 
1) 2) scintillation counters; 3) shaft of motor for shifting the specimens; 4) specimens. 


In the surface experiment the apparatus was immersed in a 3-liter tank 
of liquid scintillator, the tank as a whole being viewed by two photomultipliers. 
in anticoincidence with the measurement counters. In the underground 
experiment a tank containing 65 liters of liquid scintillator, scanned by 21 photo- 
multipliers, was used (Fig. 8). The pulses from the two measurement photo- 
multipliers, which were in coincidence within 0.5 us and in anticoincidence 
with the guard counters, were sent to a double oscilloscope and recorded on 
film. The activities of the working and control sample were compared, taking 
into account the resolution of the apparatus, in a region of sums of energies 
between 3.2 and 4.8 MeV. No significant excess activity of ‘Ca sample was 
found above the statistical fluctuations. Furthermore the distribution of 
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coincident counts as a function of the sum of energies showed the random 
character of the coincident events for both samples. A lower limit of 1-10! years 
for the half-life was set, assuming, as usual, a maximum excess activity of 
twice the standard deviation. 


= 


Fig. 8. — Measuring and guard photomultipliers in the Dobrokhotoy’s experiment. 
(Courtesy of Dr. E. I. DoBRoKHOTOY). 


A later experiment was carried out by the same authors with an apparatus 
very similar to that used in the previous underground experiment. Great care 
was taken to study and to decrease the background counting and to improve 
the energy resolution of the measurements. Two measuring counters very 
similar to those used in the previous experiment were immersed in a 70-liter 
tank of liquid scintillator which was wiewed by 21 guard photomultipliers 
operated at the same amplification in anticoincidence. The equipment was 
placed underground at a depth of 65 m w.e. and shielded with a layer of 10 cm 
of lead. The coincidence resolving time between the two measurement counters 
was reduced to 0.2 us. The energy calibration of the measurement counters 
was performed with a sample of 1°’Cs, by means of the monocromatic electrons 
of !*Ba (0.625 MeV). A second calibration point was obtained at 3.5 MeV, 
by means of cosmic ray muons, crossing both scintillators operated vertically, 
with a minimum ionization and a consequentely costant energy loss. A half- 
value width of 11% was obtained for 4 MeV electron, by extrapolation. The 
linearity of the measurement counters was checked with a B-ray spectrometer, 
operated with a source of 1°7Cs. 
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A series of control runs was carried out in order to check the electron 
counting efficiency, the calibration of the scintillation counters and the shielding 
effectiveness: 


a) the electron efficiency of the measuring scintillation counters was 
checked by comparison with the efficiency of thin-walled G.M. counters. The 
efficiency was found to be 100%. 


b) The whole apparatus was fully actuated and a photographic 
registration of the energy spectrum of each counter was taken on the surface 
of the earth. The two spectra as well as the sums of the amplitude values 
of the pulses from each channel were compared: the agreement between both 
the spectra and the totals indicated that the two measurement counters were 
calibrated identically. 


c) Measurements were made on the shielding effectiveness of the anti- 
coincidence counters and of the screens. It was demonstrated that the back- 
ground of the coincident pulses was lowered by a factor of 23 by placing the 
apparatus underground. The lead shield led to a further reduction by a 
factor 5 and the anticoincidence counters by a factor of 3.3. ° 


Number of coun/s : The same 423 mg spec- 
40 (730 hours) imens of the preceeding 
experiment were used as 
«control» and «working » 
samples. The spectra obta- 
ined by DoBRoKHoTov in 
730 h of measurement are 
shown in Fig. 9. To interpret 
these results the authors 
started from the assump- 
tion of a neutrinoless double 
B-decay of ‘Ca. The total 
energy release was assumed 
to be (4.3-+ 0.1) MeV on the 
basis of mass spectroscopic 
data [57]. The mean energy 


30 20 i 50 Are 60 79 loss of the two emitted elec- 
Sum of “energies (MeV) trons in the specimen was 
Fig. 9. — Results of DoBrokHorov et al.[42] on calculated to be 0.4 MeV, as- 


the coincidence activities of 48Ca abd “Ca samples, suming no angular correlation 

in the emission. Although 
the calculated energy resolution for the added pulses from the measure- 
ment counters was 0.35 MeV, a figure of 0.5 MeV was used in the calculations 
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to provide a margin of error. The spectra of Fig. 9 was analysed in the energy 
interval between 3 and 4.4 MeV. In this energy region 11 events were reg- 
istered with the specimen enriched in ‘Ca and 12 events with the control 
specimen anriched in *4Ca. The difference between measurement and control 
coincidence counting was consequentely (-1.4+6.6)-10-* count per hour. 

The minimum half-life was evaluated from the formula 


Ny kmy 


(3.1) t= In2 AAn ’ 


where m is the mass of the sample (in grams), An is the difference in counts 
between the measurement and the control samples for unit time, N, is Avogadro’s 
number, A is the mass number, k is a factor depending on the geometry of the 
counters; the coefficient 7 depends on the « transparency » of the specimen to 
decay electrons. Both k and 7 were calculated from an isotropic angular distri- 
bution of the electrons; the energy distribution between the two electrons calcu- 
lated by YA. B. ZEL'DOVICH et al. [43] was used to calculate 7. If one assumes, 
as usual, a maximum activity equal to twice the standard error, a minimum half- 
life of 7-10! years is obtained from (3.1). If however the angular distribution 
calculated by H. PRIMAKOFF and S. P. ROSEN is used, the minimum value 
of the half-life obtained in this and other experiments should be lowered by 
a factor of about 3. 

It seems to us worth to emphasize that DoBRoKHOTOV’s result on. the 
minimum half-life was obtained on the assumption of a neutrinoless double 
B-decay. If we start with the assumption of the emission of two neutrinos 
we cannot confine our considerations to the region of the spectrum corresponding 
to the total energy release (Fig. 1). The comparison between measurement 
and control activities must be made in a wider range of energy. A lower value 
for the minimum half-life would result. 


OK * 


From the analysis of the various counter experiments one can see that 
only in the first searchs G.M. counters were used to detect double 8 activities 
In fact scintillation counters are much more suitable for a search of this type 
because they can detect the energies of the decay electrons. Proportiona 
counters can be used only to investigate double decays of particular type, 
such as double electron-captures. One of more important features of the 
experiments with the scintillation counters is the detection of the «time 
coincidence » in the emission of the two electrons. The check of this coinci- 
dence can be accomplished electronically within very short time intervals 
(0.2 us in the last experiment of DoBROKHOTOV); a very sharp reduction of 
the background can be obtained in this way. Better results could be reached 
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with the recent improvements of the electronic technique which permit a 
further reduction in the coincidence resolving time [44]. It should be noted 
however that in the majority of counter experiments a further reduction of 
the background cannot bring a conclusive improvement to the results. In fact 
the limitation on the maximum detectable double activity is mostly due to 
the rather small quantity of specimen that can be investigared. For instance, 
in the last experiment of E. I. DoBROKHOTOV et al. the background is so sharply 
reduced that the limitation of the value of the minimum half-life can be 
ascribed only to the value of mass m in eq. (3.1). It does not seem 
worthwhile in order to investigate more material to increase the thickness 
of the specimen, because in this way the resolution in the measurements of 
the sum of the energies would be decreased. The only possibility for improve- 
ment seems so to be an increase in the sizes of the scintillation crystals in 
order to scan more material. The results could probably be considerably 
improved by using the double active sample itself as scintillator. A erystal 
scintillator of ‘Ca or a gas scintillator of 136Xe could be used for experiments 
of this type. 

The most relevant limitation in the experiments with electronie counters 
is the difficulty of localizing with good precision the point of origin of the 
two electron tracks. A better check of the « special coincidence » of the event 
can be achieved with the «visual» techniques as the cloud chamber or the 
nuclear emulsions. For this reason a comparison between the activity of the 
enriched sample seems to us always necessary in counter experiments. 

A very conclusive reduction of background events could be reached by 
using magnetic devices in order to check the charge identity of the two decay 
electrons. In fact the majority of background is often due to negatron-positron 
pairs. An improvement of the experiments with counters in this direction 
is, in our opinion, of considerable interest. 


3°2. Cloud chamber experiments. — The first experiment with a cloud 
chamber was carried out by J. 8. LAwson [45] who searched for the double 
B-decay of a sample of tin enriched to 83% !24Sn. In about 9000 pictures, 
corresponding to a total effective sensitive time of 4000 s, 39 possible double 
B-decay events were found. All these events were rejected for one of the fol- 
lowing reasons (very interesting from the point of view of background reduction): 
a) the two tracks had a different origin; b) the two tracks were simulated by 
an electron circling twice through the sample; c) the tracks were of different 
age; d) the two tracks were split from one by the clearing field. From the 
Lawson’s negative result a minimum half-life between 101° and 101 years for 
the double decay of !24Sn can be estimated. 

E. L. FIREMAN and D. SCHWARTZER [46] carried out a cloud chamber 
experiment in order to check the earlier positive result obtained by FIREMAN 


o 
© 
(es) 


EXPERIMENTAL AND THEORETICAL REMARKS ON THE DOUBLE (§-DECAY 163 
with G.M. counters on the transition ‘Sn > *5Te. A cloud chamber, operated 
with helium and ethyl alcohol in order to reduce the multiple scattering, was 
placed in a magnetic field of 200 gauss. Three samples were used: two natural 
tin sheets, one 0.0075 cm thick and the other 0.002 em thick, and a sheet of 
tin 0.004 em thick enriched to 95.04% 1248n. Different runs were made with the 
sample placed across the chamber and acting as an electrode of the clearing field. 
An open counter was initially placed on either side of the sample; later two 
banks of three thin-walled counters were used. The chamber was triggered by 
coincidence pulses from the two sets .of counters; an effective measurement time 
equivalent to more than 1500 times the sensitive time of a random expanded 
chamber was obtained in this way. Five events with two electron tracks from 
the same origin and with the same sign were detected; in two of these events, 
however, the curvature had the wrong sign for negatrons leaving the source. 
These events can be interpreted as due to electrons passing through the source 
and having the direction of the curvature changed by gas scattering after leaving 
the source. The remaining three events seem to be due to pairs of negatrons 
leaving the source from the same point, but one cannot rule out the possibility 
of background pairs, with the positron having the sign of its curvature changed 
by scattering. In fact the sums of the energies of the electrons seem very 
low (a 1/10 MeV) in comparison with the total energy release. If the three 
obtained events are interpreted as double B-decays, a half-life of (2--5)-101 years 
can be estimated; this result contradicts the earlier result obtained by FIREMAN 
with G.M. counters (see pag. 151). 

R. G. WINTER carried out two cloud chamber experiments on the double 
B-decay of various isotopes. In the first experiment [47] the transition 
MePd > “450d and *Pd > {Cd were studied. A sample of 248.5 g of palladium, 
containing 26.7% !*Pd and 13.5% 1°Pd, was placed in a Wilson cloud chamber. 
Only one possible double 6-decay was detected from the scanning of about 
10000 photographs, corresponding to about 1400 s of effective measurement 
time. The authors noted that the probability that this event was simulated 
by a negatron-positron pair due to the y-rays of the cosmic radiation was 
about 0.6. If the event is interpreted as a double B-decay, one can calculate 
a minimum half-life of 1.1-10! years for the decay of Pd and of 6-10! years 
for the decay of !!°Pd. It is worth noting that WINTER's results have lost most 
of their interest after the more recent mass measurements on the isotopes of 
palladium and cadmium. In fact the energy release for the decay of Pd 
on the basis of the more recent data (Sect. 4) is (1.48 + 0.53) MeV instead of 
2.5 MeV, as assumed by WINTER; the transition “;Pd > {Cd is energetically 
forbidden because the mass of Cd exceeds the mass of Pd. 

The second experiment [48] was an attempt to detect the double f activity 
of the isotopes 106 and 116 of cadmium and 92 and 100 of molybdenum. The 
following transitions were considered: a) *;,Cd > ‘Sn (BB) with an energy 
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release ¢ of (2.61 + 0.44) MeV on the basis of the more recent measurements 
(value used by WINTER [58] & = (2.6 0.2) MeV); b) *;;Cd > ‘Pd (8*B+) with an 
energy release of (0.64-+0.46) MeV (WINTER: a=(0.8+0.2) MeV); ¢) Mo + 
+ Ru (8787) with an energy release of (2.3 + 0.2) MeV from WINTER (no later 
result available); d) Mo + {Zr (B*B*) with an energy release of — (0.42 + 
+ 0.53) MeV (no value from WINTER’s paper). 

Two runs were made with a 24 cm diameter Wilson cloud chamber placed 
in a magnetic field of 790 gauss. In the first run three thin foils of natural 
cadmium containing 2.27 g of °Cd and 0.36 g of !**Cd were stretched across 
the chamber. The chamber was not sensitive in the layer of gas immediately 
adjacent to the foils, because the supersaturation was lost in that layer earlier 
than in other region of the chamber. It was however possible to locate the 
point of origin of the two electron tracks with an error of less than 0.4 em. 
12352 acceptable stereoscopic pictures, corresponding to an effective measure- 
ment time of about 4450 s were taken. 24 events with the features of double 
B-decay and one possible positive double f-decay were found. Each event 
is represented in Fig. 10 as rectangle of unit area with a width proportional 
to the uncertainty of the energy measurement for that event. The solid line, 
obtained by adding the heights of the rectangles whenever they overlapped, 
gives the experimental distribution of the sums of the two electron energies 
as a function of the energy. 

A very similar distribution was obtained in the second run made with 
three foils of natural molybdenum (4.5 g of Mo and 7.14 g of **Mo) stretched 
across the chamber. 35 possible negative double 8-decay events and no possible 
positive double f}-decay event were found on 13402 acceptable stereoscopic 
pictures, corresponding to an effective measurement time of 7240 s. 

For a correct interpretation of his results, WINTER carried out a detailed 
investigation on the background. He recorded the number of single electrons 
coming out from the foils, and calculated the number of events that can be 
simulated by random: coincidences, negatron-negatron scattering, double 
Compton scattering or single Compton scattering followed by photoelectric 
emission, and change of curvature of one of the electrons of background pairs 
due to gas scattering. The distribution of the various contributions to the 
background in cadmium experiment as a function of the energy is shown in 
Fig. 11; the effect due to the gas scattering is not shown, because it is negligible. 
The sum of all contributions is reported as a function of the energy in Fig. 10; 
it lies above the experimental distribution on most of the spectrum. Thus it 
seems not unreasonable that the background was overestimated. Since no 
maximum was observed in the region of energy corresponding to the energy 
release, the result can be considered as completely negative. Starting from the 
hypotesis of a neutrinoless double B-decay a minimum half-life of 1-10! years 
for "Cd and of 3-10! years for Mo can be evaluated from the number of 
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events with sums of energies corresponding to the energy release. In the same 
way lower limits of 6-10! years and 4:10! years were calculated for the 
positive double B-decay of Cd and *Mo respectively. 
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background in WINTER'S experiment [48]. negatron background in WINTER’S 
Transitions Cd + '%8Sn and 198Cd > 198Pd. experiment. 
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From the consideration of the preceeding experiments one can easily see 
that one of the most favorable features of the cloud chamber experiments 
lies in the possibility of identifying the sign of the emitted particles. The 
majority of the background due to pairs from y rays of the cosmic radiation 
or of the natural radioactivity can thus be eliminated. The technique can 
be improved by using low pressure chambers expanding in the vacuum, filled 
with a gas having alow atomic weight (hydrogen or elium) and by using methyl 
alcohol instead of ethyl alcohol. In this way the multiple scattering is strongly 
reduced and it should be possible to improve the measurements of the momentum 
of the electrons and to reduce the contribution of the background due to 
change in the curvature of the tracks. 

With a cloud chamber in good working condition, it is easy to identify 
the «spatial coincidence » of the points of origin of the two electron tracks 
with a good precision (of the order of 1 mm). The «time coincidence » of the 
event can be checked by comparing the « age » of the two tracks; a precision 
of a few hundredths of a second can be obtained. For this reason the cloud 
chamber can be considered a quite suitable instrument for background 
reduction. The more relevant limitation in the use of this detector for the 
investigation of weak activities, and in particular of the double B-decay, arises 
from the sensitivity time which is always very short in comparison with the 
recicling time. Lower limits on the half-life could be reached by using large 
size multiplate cloud chambers containing large amounts of double B-active 
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samples, and by reducing the recicling time (quick compression, overcompres- 
sion, gas exchange etc.). Needless to say, a chamber triggered on coincidence 
pulses corresponding to double {-decays, instead of a random expanded 
one, can be used; this seems however rather difficult to achieve if one wants 
to use considerable amounts of double B-active sample. 

A detector that seems to us particulary suitable for double B-decay exper- 
iments is the continuosly sensitive diffusion chamber. We would like to sug- 
gest an experiment on the double B-decay to be carried out underground and 
under a suitable shielding with a diffusion cloud chamber filled with a double 
B-active gas (1°°Xe for instance) placed in a magnetic field. With this exper- 
iment the same material would be used as radioactive sample and as detector. 
The «spatial coincidence » of the possible double {-decay events could be 
verified within few tenths of millimeter, with a very effective reduction of 
the background. The greatest difficulties in this type of experiment would 
arise from the problem of shielding and from the tremendous amount of pictures 
to be scanned. 


33 Nuclear emulsions experiments. — The only experiment on the double 
B-decay with nuclear emulsions was carried out by J. H. FREMLIN and 
M. C. WALTERS [49]. The technique employed was to embed a few grams 
of B-active sample into recesses in graphite blocks facing the emulsion layer 
during the exposition. With this technique was possible to avoid direct chemical 
contact of the sample with the emulsion and to accomplish long exposures 
(of a few months duration) without loss of photographic sensitivity. The 
plates were placed in a mine at a depth of about 570m and were shielded 
with layers of steel andlead. In this way it was possible to obtain a tremendous 
background reduction: the number of electron tracks was reduced from 
about 200 to 2.5 tracks per mm? of a 200 u.thick emulsion per day. 

The plates were developed after exposures of duration ranging from two 
to eight weeks and scanned for the electrons crossing the upper surface of the 
emulsion layers. Electron tracks both in the regions exposed to the samples 
and in those which had faced the pure grafite, were counted. Exposures of 
different duration were made for each sample in order to detect the possible 
contamination by shortlived intermediate radio-elements. Contamination by 
uranium, thorium and their products were also investigated on the basis of 
their «-radioactivity detected in the emulsion. The results obtained by 
FREMLIN and WALTERS on the double f-decay activity of 16 elements are 
reported in Table II. 

The minimum half-lives were calculated starting from the assumption 
that an activity equal to one tenth of the total number of disintegrations 
occurring in a layer of the sample of thickness equal to the $-particle range, 
would be observed at the surface. Consequentely the calculated values of the 
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Thm); 
3 Counts in loaded area E, Expo- ada Min. Ò 
Sample sure < 3 half-life 
si ground i (B/mm? day) De 

Electrons a-particles (days) (years) 

CaCO, 86.04 4.5 none 7.5+1.6 £6 0.19+0.07 | 7 -10%6 
Cromium 66.04 4.0 4.3 + 0.6 66.0 +3.0 Qe 0.00+0.15 | 2.2-1017 
Iron 76.5+ 4.3 1.0 + 0.4 75.5+1.6 56 0.18+0.07 | 1.3- 1017 
Nickel 52.0+ 1.6 0.5 + 0.1 52.5+1.6 Dt 0.00+0.07 | 3.2-1017 
Zine 44.84 1.8 0.3 + 0.1 47.5+1.3 257 0.00+0.12 |2 -1017 
Germanium 50.0+ 1.7 none 52.5+1.6 | “27 0.00+0.08 | 2.8-1017 
Molybdenum 87.54 2.1 none 54.141.227 1.24+0.09 | 1.5-1016 
SroO, 79.14 3.4 none 63.8+1.5 56 0.27-+0.07 | 3.4-1016 
Cadmium 86.0+ 4.6 4.5 + 1.0 75.5 +1.6 56 0.19 +0.09 1017 
Sno C4.0+ 4.8 1.5 + 0.5 63.8+1.5 56 0.56+0.09 | 1.4-1016 
124Sn 138 +7 20.6 + 1.4 |46.4+2.3| 15 6.1 +0.5 2° «108 
Tellurium 77:54 5.0 none 63.8441.5 | 56 0.24+0.11 |1.3-1016 
| BaCO, | 115 +15 ma de 47.2+2.4| 15 4.5 +0.4 |1.8-1015 
Tungsten 53.54 1.4 0.95+ 0.10 | 39.1-0.9 27 0.64+0.06 | 2 -10% 
Osmium 311 420 OL +10 75.5+1.6 56 40 +3.6 2.0° 1014 
Platinum 67.2+ 3.3 | 3.3 + 1.0 52.5+1.6 PAT 0:55 20:13 7 | Merahor 


minimum half-lives depend on the values assumed for the total disintegration 
energy; the values in Table II were calculated for a disintegration energy 
equal to 2 MeV. For a different energy release the value of the minimum 
half-life must be multiplied by a factor proportional to the 6-particle range 
corresponding to the assumed energy. If we assume, for instance, a disinte- 
gration energy of 4 MeV we should increase the half-lives of Table II by a 
factor 2.1. The results of FREMLIN and WALTERS are negative, with the excep- 
tion of the result on molybdenum, regardless of the value assumed for the 
disintegration energies. The positive result on the molybdenum decay seems 
to be contradicted by the result of SELIG (pag. 153) on the same transition. 
No other relevant conclusions can be drawn from the results of Table II 
because only total B-decay activity was measured without attempt to analyse 
the possible « spatial coincidence » of the electron tracks. 


The nuclear emulsion technique could be very suitable for searchs for double 
B-decay, if the sample to be investigated would be incorporated into the 
emulsion; the «spatial coincidence » of the event could be easily checked in 
this way. Some attempts of this type have been made by us with rather 
good results using melted tellurium. Two possibilities were found: the first 
is to introduce the substance into the emulsion by means of quartz capillary 
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tubes [50] (glass seems to be less suitable, owing to its background radio- 
activity); the second method (probably better) consists of evaporating the 
substance onto small diameter quartz fibers. The wires so obtained can easily 
be incorporated into the emulsion. With both these methods the « spatial 
coincidence » of the events can be checked with quite good precision (few 
microns). 

The emulsions can easily be exposed for periods of a few months, without 
latent-image fading or loss of photographic sensivity. Consequentely very ef- 
fective shielding is needed in order to bring about a conclusive reduction of the 
background, because the nuclear emulsion is an « integral » detector. Very inter- 
esting investigations were carried out by FREMLIN and WALTERS on the background 
before [51] and after [52] their experiment on the double B-decay. The back- 
ground observed in the underground exposure (2.54 + 0.09 tracks per mm? 
of a 200 » thick emulsion per day) was ascribed to the thorium and potassium 
present in glass backing (22% and 39% respectively), to the contamination 
of the ™“C present in the gelatine (33%) and to the owerall contribution due 
to cosmic radiation and external radioactivity (6%). A very good background 
reduction was reached by coating the emulsion on a support free from potassium 
or torium; the background was reduced to only (0.86+ 0.11) tracks per mm? 
per day in a 200 thick emulsion by using 1.5 mm thick perspex sheets as backing. 
The authors concluded [52] that the background could be attributed mostly 
to the !4C present in the gelatine. However, on the basis of a more recent 
analysis (*) the same authors found that this conclusion could not be completely 
correct and that some 40% of the background was due to y-radiation from 
outside. The sandstone near the mine where FREMLIN and WALTERS carried 
out their experiments on the background contains a fairly large quantity 
of thorium; it seems therefore possible to reach a further reduction of 
the background by a factor of two, by carrying out the experiment in a region 
free from radioactivity. 

At the present time it is quite difficult to obtain good measurements of the 
energies of the two electrons in double f-decays by using nuclear emulsions; 
it seems likely, however, that these measurements can be improved by using 
the new type of high density emulsions. The weakness of the method based 
on nuclear emulsions lies mainly in the impossibility of checking the «time 
coincidence » of the events; in many cases a double B-decay can be simulated 
by a sequence of two single B-decays through the intermediate isotope. This 
could be the case of the relevant excess radioactivity found by FREMLIN 
and WALTERS for the molybdenum. The «time coincidence» of the pos- 
sible double B-decay could be checked by moving the active sample very 


(*) Private communication; we are very grateful to Dr. J. H. FREMLIN for having 
communicated to us their more recent results on the reduction of the background. 
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slowly inside the emulsion (*); this seems not too difficult if the sample is 
incorporated in the emulsion in form of thin wires, as suggested before. 


3'4. Experiments with chemical: methods. — Various experiments on the 
double f-transitions “$Te + Xe and Te > {Xe were carried out by 
M. C. InGHRAM and J. H. REYNOLDS with a method based on the chemical 
extraction of the daughter element. In their preliminary experiment [53] 
these authors investigated the amount and the isotopic constitution of xenon 
accumulated during geological time\in a 430 g sample of tellurium ore, con- 
taining 12% of tellurobismutite (Bi,Te;). The sample, having an estimated 
age of about 1.5-10° years, was crushed and heated-in-a quartz bottle well 
above the melting point. The gas evolved was collected and analysed by 
means of a convectional mass spectrometer calibrated both for chemical and 
for isotopic analysis with mixtures of argon and xenon. A mixture of 
(1.3 + 0.3)-10-5 em? S.T.P. xenon plus (1.3 + 0.3)-10-? cm? S.T.P. argon was 
found; the isotopic abundance of xenon is compared in Table III with the 


TaBLE III. — Abundance of the xenon isotopes. 
124 126 | 128 | 129 | 130 | 13d. els 25 L34436, 
| 
Xenon in the sample |0.015 | 0.018 | 0.25 | 2.47 |0.394)| 2.00 | 2.55 | 1.0 | 0.847 
Natural xenon 0.008 9 | 0.0083) 0.18 | 2.49 | 0.386 | 2.009 0.558 | 1.0 | 0.849 


isotopic abundance of natural xenon. All abundance are referred to the 
abundance of 184Xe placed equal to one. 

It will be noted that evidence for radiogenic xenon occours for 1*%Xe 
and Xe; from this apparently positive result minimum half-lives of 
8-10! years and 1.3-10! years, respectively, were calculated. 

It should be noted, as observed by the authors, that radiogenic xenon 
may have excaped from the ore since the time of the original mineralization 
This possibility seems remote however, if one remembers that minerals are 
able to retain much more diffusible gases, such as helium. It seems more 
likely that a loss of xenon have occured owing to an hydrothermal alteration 
of the telluride. 

A second experiment [54] was carried out with 371g of tellurium ore 
of the same age containing 70% Bi,Te,. This sample was obtained from a 
mine at a depth of 240m, where hydrothermal alteration of the crystals of 
telluride was extremely unlikely. A misture of 2.6-10-7 cm8 S.T.P. xenon and 
2.4-10-* em? S.T.P. argon was obtained with the same method used in the 


(*) Suggestion of Prof. G. P. S. OCCHIALINI. 
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previous experiment. A considerable excess of the isotopes 1, 1% and Xe | 
was found in the extracted xenon, for comparison with the isotopic abun- 
dance of the natural one. The excess of 1°Xe and 11Xe was attributed to 
(n, y) reactions on 1*Te and 1°Te, respectively, from some unknown neutron 
source. In fact considerable amounts of uranium were found in the immediate 
neighborhood of the mine from which the tellurobismutite was taken. Part 
of the excess of 1° Xe was also explained as due to single B-decay of 1°I (about 
3-10” years), a nuclide not yet detected in nature. The excess of Xe was 
attributed to a double B-decay of °Te with a half-life of 1.4-102! years. — 

These results were improved by a later experiment of R. J. HAYDEN and 
M. C. IncHRAM [55] who eliminated two weak points of the earlier experiment, 
namely the tremendous excess of 12Xe and the uncertainty of the detection 
efficiency of *°Xe. The xenon separation was repeated on a sample from a 
mine absolutely free from radioactivity; a 1%Xe carrier was used to calculate 
the detection efficiency of the apparatus for Xe. A lower limit of 3.3 -1021 years 
was set for the double f-decay of 1Te. It should be noted however, as pointed 
out by H. SELIG [31-32], that the excess of 1Xe could perhaps be due to a 
sequence of two single B-decays 1°Te —> 1°] + 13Xe. On the other hand 
an investigation of this transition is very difficult with the present experi- 
mental techniques, owing to the extremely low limit of the half-life that can 
be set by experiments of this type. 

A completely different chemical method was employed by C. A. LEVINE 
et al. [56] to detect the possible double {-decay **U+?*Pu. The method 
consisted in loking in a uranium sample for 90 year ?*Pu. 14kg of 6year J 
old UO; were dissolved in nitritie acid and Pu (IV) was precipitated with 
lanthanum floride. The plutonium so obtained was oxidated, extracted in 
diethyl ether and re-extracted into water. After repeating this cycle five times 
the final sample was analysed with an «-particle detector in order to detect 
the presence of the 5.51 MeV a- activity of the 28Pu. From the negative result 
((0.00 + 0.1) counts per hour), a minimum half-life of 6-108 years was obtained, 
taking into account the chemical and counting efficiency. As pointed out 
by the authors the results obtained with this chemical method could be strongly 
improved by using larger sources, containing uranium of geological age, such 
as pitchblende ore. In this case, however, it must be remembered that a certain 
amount of ?*Pu is contained in the ore. 


chemical methods, although not recent, can set minimum half-lives much 
longer than the other methods. It is surprising therefore that no recent investi- 
gations on the double B-decay have been made with these methods, which 
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From the analysis of the preceeding experiments it can be seen that the 
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seem so far the only ones suitable to reach results comparable with the 
theoretical estimates. The chemical methods can detect very low activities 
owing their tremendous « sensitive time » which is of a factor 10! longer than 
the measurement time of any other method. On the other side the weakness 
of these methods lies in the impossibility of detecting the « time and spatial 
coincidence » of the events. The results obtained with chemical methods 
can be used as experimental evidence for a value of the half-life only if they 
are associated with very careful investigations that can rule out the possi- 
bility of a sequence of two single }-decay through the intermediate isotope. 
On a more general basis the possibility that the presence of the daughter isotope 
might be due to causes other than double {-decay, and, on the other hand, 
the possibility that part of the daughter isotope might have escaped because 
of geological alterations of the rocks should be carefully considered. 


4. — Mass and nuclear structure of suitable isotopic triplets. 


As it is seen from their derivation in Sect. 2 the theoretical estimates for 
the lifetimes of double 6-decays, or equivalent processes, depend rather radi- 
cally on the energy available in the final states and on the degree of forbidness 
of the two virtual transitions that «sum up» to give the actual decay. In 
order to be able, therefore, to compare these theoretical predictions with 
experimental data, some knowledge has to be gained of the nuclear states 
from, to and through which the transition takes place. 

The information we need is twofold: first, we have to know the energy 
levels of the initial and final nuclei and also of the accessible states of the 
intermediate nucleus, since all these quantities appear in the theoretical expres- 
sion for the transition amplitude. We also need information about the intrinsic 
angular momentum of those nuclear states which might enter into the process 
It might be worth reminding here that, for allowed transitions, the change 
in angular momentum cannot exceed unity (in nucleon spin units). Each degree 
of forbiddingness, on the other side, gives rise to an increase in the lifetime of 
the order 104105. 


41. Informations about the energy of the nuclear states. — Let us start with 
a few remarks on the importance of the study on the energy levels, by means 
of mass measurements of the suitable isotopic triplets. 

First of all, one needs to be sure thet the decay A-> B+e-» is energetically 
forbidden (*); otherwise the process is simply a sequence of two real single 


(*) We shall come back briefly later on to the case in which this decay, although 
energetically allowed, is damped by the large difference in spin between the initial 
and final nuclear states. 
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B-decays, and the emission of no neutrinos in the overall process has negligible 
probability, indipendently of the choice of the theory. Second one should 
choose, for the experimental detection of the phenomenon, those triplets of 
isotopes for which the energy release is reasonably high. The reason for this 
is that the lifetimes decrease rapidly when ¢° increases, due to the larger volume 
available in phase space to the leptons which are produced. Finally a detailed 
knowledge of the mass difference between the initial and final nuclear states 
is necessary: a) to locate the peak in the sum of the energies of the emitted 
electrons, which has to be expected in a process without the emission of 
neutrinos: b) to determinate the interval within which the sum of the electron 
energies lies for most of the transitions in which two neutrinos are emitted,, 

From an analysis of the experiments performed so far it is easily seen how 
often a poor accuracy in the determination of the masses, and consequentely 
of the energy of the nuclear states, has led to an incorrect interpretation of 
the results obtained. 

It is well known that the atomic masses can be determined by many dif- 
ferent methods, namely by means of mass-spectroscopy, determination of 
energy balance in nuclear reactions, total }-decay energies, «-disintegration 
energies and determination of atomic masses by microwave spectroscopy. 
There is sometimes a discrepancy between the results on mass measurements 
obtained with different methods; thus data from different sources must be 
chosen in order to calculate a table of atomic masses. It will be in general 
reasonable to use the data from nuclear reactions for atoms of low atomic 
weight (A < 40) and to use mass spectroscopy data for heavier atoms. 

A recent table of atomic masses was prepared by H. E. DuckwortTH [59] 
on the basis of an original work of A. H. WAPSsTRA [60]. DUcKkWoRTH accepted 
the framework established by mass spectroscopic data; these data were then 
adjusted in order to make them reasonably compatible with the mass data 
available from other sources. This table refers to isotopes with A > 40; data 
on isotopes of low atomic weight were obtained from other authors [61-62]. 
Only **A of these isotopes can give rise to a double transition. 

All the energetically possible double negative 6-decays for which the mass 
of the initial and final nucleus is reasonably well known are reported in 
Table IV. The percentage of the various isotopes, reported in the second 
column, was obtained from the review paper of D. STROMINGER et al. [63]. 
The mass differences and the energy releases reported in the third and fourth 
columns were obtained from Duckworms table; in the last column are reported 
a few values for energy release calculated on the basis of the results of recent 
and particulary reliable experiments. All the energy releases were calculated 
for transitions between the ground states of both the father and the daughter 
nucleus. The possible transitions for double electron-capture, electron capture- 
positron emission and positive double -decay are reported in Table V. The 
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TABLE IV. — Possible negative double B-decay. 


173 


Energy release (MeV) 
Isotopic Mass 
Transition aboundance difference 
(%) (a MU) H. E. Duck- Others 
WORTH [59] 
Ca > Ti 0.0033 0.71 £0.16 | 0.66140.15 | 0.984+-0.004 [62] 
80a STI 0.185 | 4.54 40.11 | 4.227+0.10 | 4.270-40.006 [62] 
i 0.62 . | 1.062+0.150 | 0.989-10.14 BL 
Ge > Se 7.67 2.04 +0.18 | 1.899+0.17 n 
8256 >8Kr 49.82 0.12 +0.14 | 0.112-+0.13 | 0.112-40.019 [64] 
886 >®2Kr 9.19 3.20 +0.21 | 2.980-10.195 xe 
Kr 5 8887 17.37 1.44 40.21 | 1.341+0.195 a 
9Zr Mo 7.40 1.22 40.60 | 1.136-+0.56 Pa: 
877 + 3Mo 2.80 3.63 40.50 | 3.380+0.465 a 
1990 > 12Ru 9.62 23 +02 [58] 
Ru + Pd 18.5 1.21 40.32 | 1.127+0.298 | zs 
Pd >49Ca | 12.65+0.85 | 1.59 40.57 | 1480+0.53 È 
140d —> 14Sn 28.86 0.61 +0.50 | 0.568-40.465 | 0.559 +0.028 [64] 
uscd —19Sn 7.58 80 +0.46 | 2.607-40.430 | al 
BES 12276 4.71 0.42 +0.43 | 0.390--0.401 0.42 [63] 
1249n > !2ITe 5.98 | 2.48 4042 | 2.31 +0.39 a: 
1286 > 28X¢@ 31.79. 0.88 +0.71 | 0.819+0.662 ce 
19906 > 122Xe 34.49 3.15 +0.40 | 2.933+0.37 | — 
Xe — Ba 10.44 1.01 +£0.14 | 0.94 40.13 | 1.080--0.088 [65] 
Xe 126Ba 8.87 2.870-40.093 | 2.672-40.087 | 2.643-40.087 [65] 
14206 +18Nd 11.07 1.71 +0.12 | 1.590+0.112 | 1.685+0.071 [65] 
MSN d > 88m 5.714+-0.051 | 2.04 +0.21 | 1.899+0.195 
Nd > 19m | 5.6040.05 | 3.92 +£0.10 | 3.6504-0.093 
ijism > 1Gd | 22.610.367 | 0.97 40.38 | 0.90340.354 | 
150Gd > 199Dy 91.75+0.15 | 1.50 +1.00 | 1.396+0.931 
XU Pu 99.275 1.0 [63] 
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TABLE V. - Possible double electron captures, electron captures-positron emissions and 
positive double B-decays. 
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Energy release (MeV) 
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Isotopic Mass 
Transition aboundance difference H. E. DucK- 
(%) (mMU) WORTH edad 
A > 88S 0.337 0.486 [63] 
Ca. — {A 96.97 0.242 +0.030 0.225+0.028 | 0.170+0.010 [63] 
S0r + Ti 4.31 1.15 40.11 | 1.071+0.102 | 1.175-+0.003 [62] 
he — Cr 5.84 0.680+0.076 | 0.633+0.071 
SNi1 —58Fe 67.76 2.036 +0.012 1.896 +0.011 1.896 +0.007 [64] 
iZn —>S84Ni 48.89 1.187 +0.007 1.105+0.006 | 1.053 +0.006 [64] 
Use Ge 0.87 1.31 +0.18 | 1.22 +0.17 | 1.192+0.019 [64] | 
9 95 | a 
Kr >?Se 0.354 2.81 +0.21 Ratei 
Ser —>5SKr 0.555 +0.005 1.74 40.21 1.620+0.195 1.74 [63] 
Mo > 2Zr 15.86 1.72 40.57 | 1.60 40.53 
Ru —fiMo | 5.5040.048 | 3.02 0.50 | S9II 1000 
18Pd >1@Ru 0.88 +0.08 1.30 -+0.32 1.210+0.298 1.11 [63] 
2.663 +0.465 

106, 10 ca 
mSn +12Cd 0.95 2.02 +0.50 1.881+0.465 | 1.862+0.009 [64] 
120Te > 129Sn 0.089 | 1.97 +0.42 1.834 -+0.39 
adi 2.719+-0.39 

4 Xe > 12476 0.096 2:92 LOMB ioe 050) 
exe > 126Te 0.090 0.96 +0.42 0.894 -+0.39 0.968 +0.019 [64] | 

È 2.551+0.046 | 2.533+0.093 [64] 

130B 130 lo È ) 
ma > Dre | 0.115 30-010 i), 206 00 rn 
Ba > Xe | 0.14440.046 | 0.89 +0.13 | 0.829+0.121 
13606 + 186Ba, n 2.542-+0.205 

58 0.193 2.73 +0.22 (0.498 0.205) 
1806 —18Ba 0.250 1.140+0.215 | 1.061-+0.200 1.19 [63] 
"eSmoHiNa | 3.110.037 | 1.95 +0.14 | 1.81540.130 | 1.722+0.130 [65] | 
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energy releases in the last two columns were calculated for double electron- 
capture; the energy releases for positive double B-decay are reported in brakets 
when this transition is energetically possible. 


42. Nuclear structure. — It is obvious that the determination of the energy 
of the nuclear states involved in a particular double B-decay is generally not 
sufficient to estimate the transition amplitude and therefore the lifetime to 
be expected according to the different theories. A very important role might 
be played by the degree of forbiddingness of the transition; it is therefore es- 
» sential a knowledge of the intrinsic angular momentum, J, of the nuclear levels 
from, to and through which the decay takes place. 

Since the transition probability for double f-decay is exceedingly small 
even in the most favorable conditions, it will be wise, for example, to perform 
experiments only when the three isotopes in consideration are such that the 
spin of the initial nuclear state, /,, differs by a factor of at most two from the 
spin I, of one of the energetically accessible levels of the nucleus C. In fact, 
if J, —I,> 2, at least one of the intermediate transitions is forbidden, and 
_ the expected lifetime becomes exceedingly long. In what follows we shall 
restrict ourselves to those cases in which the inequality 7, — TI, <2 is satisfied. 
In fact we shall study only double 8-decays in which the ii takes 
place between two spin zero states (*). This situation is typical of the most 
common transitions in which both A and C are even-even nuclei; their ground 
states have then spin zero and positive parity. Since the decay takes place 
into the ground state of nucleons C, the transition is then particulary favored 
also energetically. The situation we are considering is visualized by the fol- 
lowing scheme: 


pini ea sE2 ———— 
7 Vir N R 
OE! 
/ 7 excited state of nucleus B_>, N 4 
7 


= CA Yo: Ey “a N 
fee ground Fate oF nucleus BS NA 
a, N N 
Pa pd ne 2 È N 
7 x x N 
Pe 7 re ae x x 
4 (tt (—T_ 38 
0 ground state ofnucleus A Re OR 


NANNA 
ground state of nucleus C 5 


In the scheme yo, Y1; 72,... Stand for the spin (and parity) assignements, 
E, H,, Es, ... for the energies of the corresponding states. A transition to 


(*) All what we are going to say can be adapted in an obvious way to the general 
case 0O< IT, —-Ig<2. 
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some excited state of nucleus C may be allowed in certain cases; for the sake 
of simplicity, and without essential loss of generality, we neglect this pos- 
sibility (*). 

Neglecting transitions forbidden of order >1, the double B-decay A + C goes, 
virtually, through those states of the nucleus B which have spin <1. The 
ground state of nucleus B shall not, and in most of the actual cases does not, 
belong to these states. A simple remark presents itself at this point. The rough 
estimate of the matrix elements for the process was obtained (see Sect. 2) on 
the ground of the experimental data for the corresponding single 8 transitions, 
in our case, for the two decays Bera eid ee and B >C 
No such experimental source is available for the matrix elements B,.tn escitea state > 
> Around state: Lacking anything better, it is assumed here that the estimates 
given in Sect. 2 are still valid; this is, after all, not worst of the assumptions 
made so far. 

Let us assume that the n-th excited state is the first, on the energy scale, 
which can be reached from A,.vnd state (through an allowed transition. Its excit- 
ation energy, E, — E, might be of importance in estimating the transition 
amplitude. It is at this point useful to treat separately the two cases of double 
B-decay with and without neutrinos. 


ground state ground state ground state * 


a) Decay without neutrinos. As we have seen in Sect. 2, the most 
important contribution is most likely to come from intermediate states which 
contain a virtual neutrino with energy — 30 MeV. The approximation intro- 
duced was then to neglect the difference in energy between the initial and 
intermediate nuclear states in the energy denominator (see e.g. eq. 2.8). As far 
as the excitation energy, E, — &, of the n-th state of nucleus B is small 
compared to 30 MeV (and this seems to be the case in all actual situations), 
the approximation keeps its validity and the predicted values for the lifetime 
do not change. We conclude therefore that the estimated lifetime for a neutrino- 
less double f-decay between two even-even nuclei is somewhat insensitive to 
the spin assignment of the ground state of the intermediate nucleus, at least 
in so far as the excitation energy of the first level of nucleus B which has 
spin 1 or 0, is smaller than, say, 5 MeV. 


b) Decay with two neutrinos. Since the maximum energy available to 
electrons and neutrinos depends only on the relative energies of Ajjouna state 
and ©,.vund state And is independent of the «intermediate » nuclear state, the 
phase space available does not change. We already agreed not to change 


(*) Strictly speaking, one should also take into account the possibility of a decay 
from an excited state of nucleus A; this contribution is, however, non-negligible only 
when the @-decay Axe, >B-+e4-v competes with a highly forbidden y-transition from 


the isomeric state Ae, to A ground» 
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the estimates of the nuclear matrix elements; the only part of the transition 


amplitude which is sensible to the energy of the n-th level of nucleus N is 


therefore the energy denominator. The approximation was made in Sect. 2 
to replace it with a constant. This constant is given, roughly speaking, by 
one-half of the energy release, plus one electron mass, plus the average energy 
distance between the ground state of nucleus A and those levels of nucleus B 
which contribute appreciably to the reaction. The actual value chosen for 
the constant depends of course on the excitation energy of the state B,.; 
and the more so the smaller the term m,+ Ep 
gn ea fate! 18: 

We also recall that, in the final expression for the lifetime, the factor 
(Eg— E B,soana dig] FISSE ER, cana Nei ALLO Adivegtr ema © E Ceround sal) MPPears square 
so that if, e.g., it is increased by a factor — 3 the expected lifetimes become 
longer by a factor — 10. In a decay with two neutrinos, therefore, the lifetime 
depends sensibly on the spin assignment and the energy spacing of the states 
of the intermediate nucleus. 


es È 
‘ground state 2 (Elan state Pi 


43. Possible double B-transitions. — The present-day knowledge of the nuclear 
states for the isotopic triplets more suitable for negative double B-decay is 
summarized in Fig. 12. In Fig. 13 nuclear schemes are given for possible 
double electron capture (2EC), electron capture-positron emission (B+EC) 
and positive double {}-decay. For sake of simplicity only the more suitable 
isotopic triplets were studied (energy release >1 MeV); for each triplet are | 
reported the references from which the nuclear data were obtained. 

It might be instructive to consider in some more detail a few double f tran- 
sitions particularly interesting from the theoretical point of wiew and experi- — 
mentally promising. 


i, Cal > Sc > Ti (similar considerations can be drawn for the 
triplet 12 f)). 


The decay of ‘Ca into “Se is energetically allowed; this transition has 
however never been detected [31-32, 66]. Experimental evidence is for a 
lifetime smaller than 2:10! years. This implies that the transition is highly 
forbidden, a result also obtainable from the remark that the decay {Se > STi 
takes place almost entirely to a state of “Ti which has spin 6 and parity + 
and not to a lower level characterized by spin 4 and parity +. This is consistent 
with an assignment 6+ or 7+ to the ground state of “Se and in turn 
together with the assignment 0+ to the ground state of “Ca, implies that 
the decay sfCa + 3{Sc is forbidden of order 5 or 6. Using the nuclear matrix 
elements one may tentatively predict a value of order 10” years fo the single 
B-decay of “Ca. If this estimate were correct, the triplet of isotopes we are 
discussing might be rather convenient for the study of double f-decay, because 


E i 12 - Supplemento al Nuovo Cimento. 
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Fig. 12a. 


Ref. [63, 67, 68]. 
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Fig. 120. 


Ref. [63, 69, 70] 
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Fig. 12e. 


Ref. [63, 71, 73]. 
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Fig. 12d. 


Ref. [63, 74, 75]. 


Fig. 12. — Nuclear schemes of the more suitable triplets for negative double B-decay. | 


kol 
n= 
D 


ON THE DOUBLE (-DECAY 179 


4 
or ND $3Mo 


Fig. 12e. 


Ref. [63, 76]. 
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Fig. 12}. 


Ref. [63]. 
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Fig. 129. 
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Ref. [63, 77, 78]. 


Fig. 12. — (continued). 


12* - Supplemento al Nuovo Cimento . 


180 G. F. DELL’ANTONIO and E. FIORINI 


2+ 
‘iS0d > Helm > ‘05m - 
2+ 
0+ 
Fig. 12. 
Ref. [63, 73]. 
2+ 
n 2.850 1243n — HSb fire. 
ha = 2.296 
1.972 Fig. 121. 
| 
| 1.326 
2309 
| 0.603 Ref. [63, 79]. 
I Ah AS go le ae OF 0 
2+ 0.85 


a 
le = Sl Ss ee 


Fig. 12m. 


Ref. [63, 80-82]. 
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Fig. 12. — (continued). 
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Fig. 12. — (continued). 


the energy release (4.27 MeV) is considerably large and the states of ‘Se 
i through which the virtual transitions take place have an energy presumably 
È not much higher (say, 2 or 3 MeV) than the energy of the ground state of ‘Ca. 
From the formula given in Sect. 2 it is easily seen that the theoretical esti- 
mates for the lifetime of this double B-decay are: t,, ~ 2.6-10!5*? years for no- 
neutrino emission and with the choice of « = 1, which will be made also in 
3 the following, and 7,, ~~ 8:10!°*? years for emission of two neutrinos. It should 
Î however be clear that a result 7 — 10!° years for the lifetime would not repre- 
î sent by itself (i.e. without coincidence or correlation measurements) an in- 
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13. — Nuclear schemes for positive double 8-decay (8*8*) 
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Fig. 13a. 


Ref. [89, 90]. 
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Fig 13. 6. 


Ref. [63, 91-93]. 
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Fig. 13¢. 


Ref. [63, 94-96]. \ 
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Fig. 13d. 


Ref. [63, 97-99]. 
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capture (2EC) and electron capture, positron emission (@+H(). 
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0450 Kr > {Br +{iSe. 


Fig. 13e. 


Ref. [63, 72, 100, 101]. 
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Fig. 13f. 


Ref. [63, 72, 102-104]. 
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Fig. 139. 


Ref. [63, 100, 105.] 
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Fig. 13h. 


Ref. [63]. 
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Fig. 131. 


Ref. [63]. 
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Fig. 13. — (Continued). 
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x dication in favor of a decay without neutrinos, since the estimate previously 

È | given of the lifetime for the decay sla > #Se might be grossly wrong. 

f 2) “Ge > AS > {Se (similar consideration can be drawn for trip- 
lets 12 e) g) h) i) 0) r) and 13 a) d) e) f) g) i) m)n) q)7)). : 

È In this case the first intermediate process is certainly virtual (i.e. energet- 4 

_ ically forbidden). From the fairly well known decay scheme of AS > sie 
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one can conclude that the ground state of "°As is 2 — and that the energy 
difference between the ground state of 7°As and 7Se is 2.97 MeV. Spectroscopic 
determinations give, for the difference in energy between the ground states 
of "Ge and "°Se, a value of (1.9 + .2) MeV. The excited states of 7*As through 
which the transitions go, have presumably not very high excitation energy; 
its average will be denoted by e. The estimates for the lifetimes are, in a 
process without emission of neutrinos, t,,~1-:1017+2 years and, when two 
neutrinos are emitted, t,,,,  3-1021*2- (e, + 5)? years, where e, is given in units in 
which m,=h=c=1. To get an idea of the dependence of 7,,, on the excita- 
tion energy of the accessible intermediate levels (we have already seen that 7,, 
is pratically independent of this quantity, at least as for as e, < 30 MeV) we 
choose, as typical, the values e«,=0 and e,=5 (units m,=f=c =1): 
The corresponding estimates for the lifetimes are then 


Togo Tette Traosye8 310 * yy eare), 


3) Let us finally comment briefly on two processes which might be of 
interest because of the comparatively short estimated lifetimes: 


(a) ee Br. Ki 


The energy difference between the ground states of *2Br and Se is determined 
to be (0.11 + 0.19) MeV; this means that one cannot exclude that the decay 
ise > 3;Br be energetically allowed. The ground state of *Br is however 
known, from the scheme of its decay into $Kr, to have spin 5 and parity 
minus. The transition 3:Se,,ouna state > s5BI roma state 8 therefore highly forbidden; 
the further damping due to the smallness of the phase space available makes 
the probability of this decay negligible. The estimated lifetimes for the double 
B-decay are 


To ~ 1:1018+2 Tr, ~ 6°102142 , 


(we have assumed ¢,= 3, the result not being very sensitive to this choice). 
(b) cd > Tp > !gn, 


The decay ‘Cd + ‘Im is energetically forbidden. The ground state of “In 
has presumibly spin 1 and parity plus. This process provides us, therefore, 
with an example of a virtual transition going through the ground state of the 
intermediate nucleus. The energy release for the double B-decay is 2.607 MeV; 


using this value the theoretical estimates for the lifetimes are 1.4-1015+2 years 
and 3-10?!+2 years. 
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5. — Conclusions. 


A comparison of the experimental results with the theoretical predictions 
for the double f-transitions so far investigated is reported in Table VI and 
Table VII for negative and positive double 8-transitions respectively. The 
theoretical values for the half-lives were calculated from equations (2.12) 
and (2.16). From this comparison it can be seen that no conclusive experi- 
mental evidence can be claimed in favour, or against a double B-decay without 
emission of neutrinos. Only the experiment carried out by R. J. HAYDEN and 
M. C. INGHRAM gives a minimum half-life that can be compared with the 
theory; this result, which was only weakly confirmed by the other negative 
experiments seems not compatible with the maximal non-conservation of 
neutrinos. Unfortunately the result is not recent and should be checked with 
a more accurate one; as we have seen before, the weakness of this experiment 
lies in the impossibility of measuring the sum of electron energies and of ruling 
out the alternative possibility of the sequence of two single 6-decays. 

The difficulties of the comparison between theoretical predictions and 
experimental results can be summarized in this way: 


a) Theoretically there is a fairly large uncertainty (by a factor 10+? 
or more) in the estimates for the lifetimes. This uncertainty comes from the 
evaluation of nuclear matrix elements; it is therefore indipendent of the choice 
of the numerical value of the parameters which appear in the Hamiltonian 
density. Moreover, as we have already noticed, the two extreme choices corre- 
sponding to conservation and maximal non conservation of neutrinos, respec- 
tively, give only an upper, or, respectively, lower bound to the lifetimes to be 
expected theoretically. Any intermediate value can be predicted by a proper 
(but not unique) choice of the parameters. Due to the above-mentioned large 
uncertainty in the theoretical estimates, experimental data on double B-decay 
can therefore possibly rule out some choices (e.g. a Majorana theory), but 
cannot give, by themselves, indications as to which of the remaining is the 
correct one. In this respect, namely to determine the phenomenological 
Hamiltonian density that should be used to describe the weak interactions 
of nucleons, electrons and neutrons, double }-decay seems a less suited phenom- 
enon than, say, angular correlations or electron polarization. 


b) From the experimental point of view it seems quite difficult to obtain 
a reliable and conclusive improvement in the measurement of the value of the 
half-life. The limitation on the detectability of very weak activities with 
the various experimental techniques was investigated in Sect. 3; it seems 
reasonable to draw the conclusion that a much more conclusive result on the 
lower limit for the half-life can be obtained only with new experimental pro- 
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cedures. It is clear, on the other hand, that the only conclusive experimental 
result would be to prove or disprove the existence of a double B-decay in which 
the sum of the electron energies is equal to the energy release (apart from the 
recoil energy of the nucleus). It should however be noted that, even if in all 
B-decays to be found the sum of the electron energies were smaller than the 
energy release, this would rule out a Majorana theory, but would represent no 
evidence for the conservation of neutrinos. From a less pessimistic experimental 
point of view it should be noted that no experimental evidence has been 
obtained so far for the existence of double B-decay; thus the «real » discovery 
of this type of decay regardless of its nature, would be by itself of considerable 
interest. 
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ERRATUM 


In the paper with the above title there is a mathematical error on page 171 
In the case a real eigenvalue p of a self adjoint operator P occurs as a non-simple 
root of the minimum polynomial m(4) of P, 


m(A) = (A — p)®+q(A), q(p) # 0 > k>1 D 
we say that every eigenvector y of P, corresponding to this eigenvalue p, must have 
the representation 
di =: (fe — PI)! ; 
where g is a suitable non-zero vector. This statement is wrong. The error lies in 
concluding that 
(P — pl)y 4 (P — pl), (for any g), 
if 
AF es (for any g). 
This is wrong since (P — pI) is a singular operator. 
Thus the correct statement is that, in the case considered, at least one (and not 
every) eigenvector y has the representation 
Mi A acy Ae 


with a suitable g, and hence 
Ix = 0. 


Other eigenvectors may or may not have norm zero. 
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